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Chapter 1
Introduction
Dynamics of elementary particles can be understood by the Standard Model(SM) physics. Re-
cently the last particle within SM, i.e. the Higgs boson, has been discovered at the Large Hadron
Collider(LHC), though it could be not found for many years [1, 2]. More recently precision test
of SM is significant in search for beyond SM physics, in particular after the discovery. So far the
3σ" inconsistency for determinations of |Vub| between exclusive and inclusive semi-leptonic decay
has been reported.(e.g. see [3]) In exclusive determinations from the B-meson semi-leptonic decay
B → πℓν, we use the values of the B-meson decay constant computed by the lattice Quantum
Chromo Dynamics(QCD) simulation( e.g. see [4, 5]). Then high precisions are required in lattice
simulations, even though the heavy quark discretization error may be harmful on the lattice.
Eliminating the discretization eﬀect is one of long-standing problem in lattice QCD, especially
in the heavy quark region. Such lattice artifacts have to be improved for precise calculation for
heavy quark observables. One can suppress such systematic error by brute numerical force which
takes small lattice spacings so that amq ≪ 1, however this is very costly. For instance, the bottom
quark leads to the large discretization error amq ∼ 1 with 1/a ∼ 4GeV which is still not so easy
from current computer resources.
Roughly speaking, there are three class of heavy-quark treatment: (A) lattice heavy quark ef-
fective theory(HQET)[6] or lattice non-relativistic QCD(NRQCD)[7], (B) relativistic heavy quark
action( Fermilab[8], Tsukuba[9], RHQ[10] and Oktay-Kronfeld[11]), (C) improved light quark ac-
tion. Both of (A) and (B) can treat the bottom quark without extrapolation, however for (A)
matching of parameter is needed and for (B) non-trivial lattice spacing dependence has been re-
ported at amq ∼ 1. In this sense, recently the light quark action approach is becoming more and
more important.
In this approach, Symanzik improvement is necessary with taking lattice spacing as small as
possible in order to reduce the discretization eﬀect. Improved action should be designed to be
consistent with Symanzik improvement program[12, 13]. For the staggered fermion, the improved
action has been suggested which is called “HISQ” action [14] and has been widely employed in
lattice QCD simulations. On the other hand, even in the case of the Wilson fermion, some
improved actions have been considered. The clover improved action [15] has been widely studies
in many simulations. Also the twisted mass fermion action with the maximal twist has been
developed by the ETM collaboration (e.g. see [16]) which eliminate the O (a) discretization eﬀect.
In recent years, the ETM collaboration introduced a novel method for B-physics with the twisted
mass fermion. They have proposed that one computes some ratios of heavy quark observables
when extrapolate to the B-quark mass region with the knowledge of well-known static limit of
5
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the HQET. This is called “Ratio method” and they have achieved precise calculation with twisted
mass fermion [17, 18]. Furthermore they claim that the method can be applied with any other
improved actions. Also the domain-wall fermion or the overlap fermion have been recently received
broad attention as a heavy quark treatment owing to the exact chiral symmetry. These actions
preserve the chiral symmetry on the lattice and thus one can expect that guarantee small O (a)
discretization eﬀect.
In this study, we aim to investigate O (a2)-improved action or more highly improved action
based on the Wilson-type fermion for precise calculation of heavy quark quantity, since highly
improved actions for the Wilson-type fermion has been little studied. For construction of a highly
improved action, we focus on the so-called Brillouin fermion action which has multi hopping terms
within a hypercube[19]. So far some similar fermion formalisms have been suggested [20, 21, 22,
23]. These fermion actions have been investigated with focus on the aspect of the approximate
Ginsparg-Wilson fermion, whereas the Brillouin fermion action is designed to reproduce both of the
continuum energy dispersion relation and eigenvalue spectra of the Ginsparg-Wilson fermion. Not
only at tree-level but also non-perturbatively the fermion action realizes an excellent dispersion
relation and thus one can expect that it is promising for heavy quark physics.
We have investigated discretization errors for the Brillouin fermion action and have found that
the action can be improved furthermore. Traditional O (a) clover improvement, of course, is appli-
cable, but we adopt the similar strategy with the D34 action for the Wilson fermion action[24, 25].
On other hand since the action has Ginsparg-Wilson like eigenvalue spectra, one can expect a suit-
ability as a kernel of the overlap procedure. Thus we attempt to apply the overlap procedure with
the Brillouin kernel as O (a) improvement. Furthermore O (a2) improvement has been developed
in Ref.[26] and we advance to further improvement with the approach by employing the Brillouin
kernel.
Also we carry out scaling studies for our improved action on quenched configurations with
1/a = 2.0− 3.8 GeV compared with existing formulations: non-improved Wilson fermion and the
domain-wall fermion. Here we employ the tree-level Symanzik gauge action and physical length is
roughly fixed to 1.6 fm. Also we measure speed-of-light, hyperfine splitting and decay constant for
heavy-heavy observables. Our scaling studies show good scaling of the improved action up to the
charm quark region. Furthermore we mention to an applicable limit of the improved action and
discuss unphysical poles.
This thesis is organized as follows. First of all, we briefly introduce formulations of lattice
gauge theory in chapter 2. In chapter 3, we follow a basic idea of Symanzik improvement and
discuss how to construct improved actions. Next we introduce chiral symmetric fermion actions
and these properties in chapter 4. Also we simply review how to obtain hadron spectroscopy in
chapter 5. Formulation of the Brillouin fermion will be introduced in chapter 6 and here suggest
some improved actions based on the tree-level analysis. In chapter 7 we show our results of
scaling studies for the improved action and additional properties of the Brillouin-type fermion will
discussed in chapter 8.
Chapter 2
Quantum chromo dynamics on the lattice
We briefly review the lattice gauge theory. More detailed formulations will be discussed at later
chapters.
2.1 Continuum theory
First of all, we review the continuum QCD theory. The QCD action can be described as a gauge
part and a fermion part.
SQCD =
ˆ
d4x [Lgauge + Lfermion] (2.1)
The pure-gauge part and fermion part can be defined respectively as
Lgauge = −1
2
tr
[
F aµν (x)F
µνa (x)
]
, (2.2)
F aµν (x) = ∂µA
a
ν (x)− ∂νAaµ (x) + igfabcAbµ (x)Acν (x) , (2.3)
Lfermion = ψ¯ (x) [Dµγµ +m]ψ (x) , (2.4)
Dµ = ∂µ − igAaµ (x) T a, (2.5)
where T a denotes a SU (3) generator and γµ is the gamma matrices. Also m is a bare quark mass
and g is a bare coupling constant. The above lagrangian is invariant under the gauge symmetry
ψ (x)→ V (x)ψ (x) , (2.6)
Aµ (x)→ 1
ig
V (x) ∂µ (x) V
† (x) + V (x)Aµ (x) V
† (x) , (2.7)
where V (x) is an element of SU (3) group and it can be written as V (x) = exp (iεaT a) in terms
of the generator T a . Then an expectation value of an observable O can be measured by
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< O > =
1
Z
ˆ
DADψ¯DψeiSQCDO, (2.8)
Z =
ˆ
DADψ¯DψeiSQCD . (2.9)
The QCD lagrangian is quite simple, but calculations are not straightforward for low energy
physics, e.g. the hadron mass or the decay constant. Since the QCD coupling is strong at low
energy which is known as the asymptotic freedom, complicated non-perturbative calculations are
necessary. Then lattice QCD calculation would be the unique powerful tool.
2.2 Gauge action
Simplest gauge action on the lattice is realized by the standard plaquette action.
SG =
∑
n
∑
µ,ν
βtrUµν (n)
Uµν (n) = Un,µUn+µ,µU
†
n+ν,µUn,ν
† (2.10)
Un,µ ∈ SU (3) (2.11)
This gauge action is invariant under the gauge transformation
Un,µ → V †nUn,µVn+1, (2.12)
where Vn is an element of SU (3) algebra. Also we could consider a rectangle gauge invariant
objects which are introduced by Iwasaki.
SG = β
∑
n
∑
µ,ν
tr {Rµµν (n) +Rννµ (n)}
Rµµν (n) = Un,µUn+µ,µUn+2µ,νU
†
n+µ+ν,µU
†
n+ν,µU
†
n,ν (2.13)
SG = β
∑
n
∑
µ,ν
[c0trUµν + c1tr {Rµµν (n) +Rννµ (n)}] (2.14)
In the continuum limit, the gauge action should agree with the continuum gauge action. Thus the
coeﬃcients are determined as
c0 + 8c1 = 1. (2.15)
The rectangle action is called “Iwasaki action” and is widely used for lattice QCD simulations.
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2.3 Naive discretization and fermion doubling
Here we review the well-known fermion doubling problem when the naive discretization is intro-
duced in the fermion part. We consider a following discretized fermion action
SF = a
4
∑
n
ψ¯n
[∑
µ
γµ
Un,µψn+µ − U †n−µ,µψn−µ
2a
+mψn
]
. (2.16)
Then if we introduce dimensionless quantities
ψ′ = a3/2ψ, (2.17)
M = ma,
Eq. (2.16) can be written as
SF =
1
2
∑
n
[
ψ¯nγµUn,µψn+µ − ψ¯n+µγµU †n,µψn
]
+M
∑
n
ψ¯nψn (2.18)
On the momentum space, one can read as
SF =
ˆ
d4p
(2π)4
˜¯ψ (p) [iγµsin (pµa) +M ] ψ˜ (p) . (2.19)
Then the fermion propagator becomes as follows
PF (p) =
1
is/ (p) +M
=
−is/ (p) +M
s (p)2 +M2
, (2.20)
where s/ (p) =
∑
µ
γµsµ (p) =
∑
µ
γµsin (pµa) . In the limit a→ 0 , it can be expanded as
sin (pµa) =
{
pˆµa pµ = pˆµ
−pˆµa pµ = πa + pˆµ
, (2.21)
then the propagator can be written as
lim
a→0
PF (p) = lim
a→0
1
a
∑
pˆµ=0,
π
a
−i∑
µ
(−1)δµ γµpˆµ +m
pˆ2 +m2
, (2.22)
where δµ is defined as
δµ =
{
0 pˆµ = 0
1 pˆµ =
π
a
. (2.23)
Here pˆµ has following variants
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pˆµ =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
(0, 0, 0, 0)(
0, 0, 0, πa
)(
π
a , 0, 0, 0
)(
π
a ,
π
a , 0, 0
)
...
(2.24)
In the quantum field theory, poles of the propagator correspond to particles. Therefore we see that
2d doublers appear for a lattice fermion, where d is a dimension. It is called “doubling problem” and
one has to avoid this problem by using some methods which will be introduced in later sections.
2.4 Nielsen-Ninomiya no-go theorem
The doubling problem is also known as Nielsen-Ninomiya no-go theorem. Here we briefly describe
the derivation of the Nielsen-Ninomiya no-go theorem by following the discussion in Ref. [27].
Nielsen-Ninomiya no-go theorem says that doublers appear when following conditions are assumed.
• Translation invariance
• Hermiticity
• Locality
• Chiral symmetry
• Fermion bilinear form
Then we can prove that the doubling problem is not be avoidable. First we consider the fermion
action on the momentum space
SF =
ˆ
d4xd4yψ (x)D (x, y)ψ (y)
=
ˆ
d4xd4y
(ˆ
d4p
(2π)4
e−ipxψ˜ (−p)
)
D (x, y)
(ˆ
d4q
(2π)4
e−iqyψ˜ (q)
)
=
ˆ
d4xd4y
ˆ
d4p
(2π)4
ˆ
d4q
(2π)4
e−i(p+q)(
x+y
2 )e−i(p−q)(
x−y
2 )ψ˜ (−p)D (x, y) ψ˜ (q) . (2.25)
Here we introduce absolute coordinate R and relative coordinate rand then the action can be
written
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SF =
ˆ
d4Rd4r
ˆ
d4p
(2π)4
ˆ
d4q
(2π)4
e−i(p+q)Re−i(p−q)rψ˜ (−p)D′ (R, r) ψ˜ (q)
= (2π)4
ˆ
d4r
ˆ
d4p
(2π)4
ˆ
d4q
(2π)4
e−i(p−q)rδ(4) (p + q) ψ˜ (−p)D′ (r) ψ˜ (q)
=
ˆ
d4r
ˆ
d4q
(2π)4
e−2iqrψ˜ (q)D′ (r) ψ˜ (q)
=
ˆ
d4q
(2π)4
ψ˜ (q) F˜
(
−q
2
)
ψ˜ (q) , (2.26)
where we used translation invariance D (R, r) = D (r) in the second line. In other words, the
fermion action can be written as a function of a momentum. Furthermore the assumption of chiral
symmetry restricts to the form of
F˜ (p) =
∑
µ
γµF˜µ (p) . (2.27)
Also F˜µ (p) is real from hermiticity and locality guarantees continuity of F˜µ (p). In other words, if
we assume the form of
F˜µ (0) =
ˆ
d4xe−α|x|Fµ (x) , (2.28)
then continuity of F˜µ (p) at p = 0 is ensured as
lim
p→0
(
d
dp
)n
F˜ µ (p) = lim
p→0
ˆ
d4x (ix)n eipxFµ (x) <∞. (2.29)
Therefore we see that F˜µ (p) is real vector field on d dimension torus
F˜µ (p) ∈ T d. (2.30)
In this context, we utilize the Poincare-Hopf theorem ( e.g. see Ref. [28]) which states that the
sum of the indices of zeros for the continuous vector field defined on a compact manifold is equal
to the Euler numbers. For a torus, the Euler number is zero. Therefore it is found that sum of
zero modes of F˜µ (p) is zero. Expanding F˜µ (p) at around p0, we obtain
F˜µ (p) = Aµ,ν (p− p0)ν +O
(
(p− p0)2
)
, (2.31)
where
Aµ,ν =
∂F˜µ (p)
∂pν
∣∣∣∣∣
p=p0
. (2.32)
Then the index of zeros is defined by detAµ,ν and we notice that the index of zeros corresponds
to chirality. To see this, we set p0 = 0 for simplicity. If we diagonalize Aµ,ν by redefinition of ψ,
F˜µ (p) can be written as
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F˜µ (p) = Aµpµ. (2.33)
When Aµ = (1, 1, 1, 1) , the index and the fermion action are⎧⎨⎩index 1fermion action ψ˜ (p)∑
µ
γµpµψ˜ (p)
. (2.34)
On the other hand, for Aµ = (−1, 1, 1, 1) these are⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
index −1
fermion action ψ˜ (p)
∑
µ
(1− 2δµ1) γµpµψ˜ (p)
=
(
ψ˜ (p) γ5γ1
)∑
µ
γµpµ
(
γ1γ5ψ˜ (p)
) . (2.35)
Chiral transformation ofψ is defined by
ψ → eiQγ5ψ, (2.36)
where Q is the chiral charge. Then the indices ±1 respectively correspond to
ψ (p)→ eiQγ5ψ (p) , (2.37)
γ5γ1ψ (p)→ e−iQγ5γ5γ1ψ (p) . (2.38)
If we combine this thing with the Poincare-Hopf theorem, Nielsen-Ninomiya no-go theorem can
be proved. Namely, number of fermions with +Q chiral charge must be equivalent to number of
fermions with −Q chiral charge.
2.5 Wilson fermion
In order to remove unphysical doublers, one adds a O (a) term to the lattice fermion action
SW = −ar
ˆ
d4xψD2ψ
→ −1
2
r
∑
n,µ
[
ψnUn,µψn+µ + ψn+µU
†
n,µψn − 2ψnψn
]
, (2.39)
which are introduced byWilson and thus this term is called “Wilson term”. Also ris a free parameter
which usually taken to the unity. Then whole fermion action becomes
SF =
ˆ
d4p
(2π)4
ψ (−p)
[
is/ (p) +M + r
∑
µ
(1− cos (pµa))
]
ψ (p)
=
ˆ
d4p
(2π)4
ψ (−p) [is/ (p) +M (p)]ψ (p) , (2.40)
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where M (p) ≡M + r∑
µ
(1− cos (pµa)) and we obtain the fermion propagator
GF (p) =
−is/ (p) +M (p)
s (p)2 +M (p)2
. (2.41)
In the limit a→ 0 , M (p) can be written
M (p) =
{
ma physycal
ma + 2r |δ| unphysycal , (2.42)
where |δ| is number of doubles which have momentum π/a. Then dimension-full masses are
mphys = m, (2.43)
mdoubler = m+
2r
a
|δ| . (2.44)
Thus unphysical doublers decouple in the continuum limit and thus we could remove doublers by
adding the Wilson term. However the Wilson term explicitly violate the chiral symmetry due to
the Wilson term. It is one of disadvantage of the Wilson fermion.
2.6 Staggered fermion
The staggered fermion is also employed widely in lattice QCD simulations. Here I briefly introduce
this formalism. The staggered fermion is 1 component lattice fermion and appearing 16 species
are interpreted as 4flavor⊗ 4Dirac fermions. The staggered fermions is given by
SF =
1
2
∑
n,µ
[
ηµ (n)
(
χ¯ (n)Un,µχ (n + µˆ)− χ¯ (n+ µˆ)U †n,µχ (n)
)
+mχ¯ (n)χ (n)
]
, (2.45)
where χ (n) is one component staggered fermion field and the sign function ηµ (n) is defined as
ηµ (n) = (−1)n1+n2+···+nµ−1 . (2.46)
Then χ (n) is related to 4 component Dirac fermion as
ψ (N)α,f = N0
∑
A
(γA
2
)
α,f
χ (2N + A) ≡ N0
∑
A
(γA
2
)
α,f
χA (N) , (2.47)
ψ¯ (N)α,f = N0
∑
A
χ¯ (2N + A)
( γ¯A
2
)
α,f
≡ N0
∑
A
χ¯A (N)
( γ¯A
2
)
α,f
, (2.48)
where α is an index of spinor and f is an index of flavor. Also N0 is a normalization constant and
γA is defined by
γA = γ
A1
1 γ
A2
2 γ
A3
3 γ
A4
4 , (2.49)
where Aµ = 0, 1 and thus 2N + A represents a coordinate within a hypercube placed on 2N . If
one uses transformations Eqs. (2.47) and(2.48), Eq. (2.45) can be written as
SF =
1
N20
∑
N,µ
ψ¯ (N)
[
(γµ ⊗ 1) ∇µ
2
+ (γ5 ⊗ tµt5)
∇2µ
2
+M (1⊗ 1)
]
ψ (N) , (2.50)
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where tµ = γ¯µ = γTµ . Here N is taken only for even lattice points and thus maximum momentum
becomes π/2a . Then the staggered fermion can avoid p = π/a on which doublers are assigned.
However as we have seen, the second term in Eq. (2.50) violates the flavor symmetry. Thus one
may conclude that the staggered fermion is equivalent to 4 flavor Dirac fermions, but the flavor
symmetry is broken. For one flavor simulations, the rooting trick is employed and it is often
discussed whether 4th rooted staggered fermion can be identified with one flavor Dirac fermion.
For more details, please see e.g. Ref [29].
Chapter 3
Symanzik improvement
Lattice QCD is defined on the discretized space-time and thus the discretization systematics ef-
fect is not avoidable at finite lattice spacing a. However Symanzik has proposed that one can
systematically reduce discretization eﬀects by adding higher dimensional operators up to desired
order vanish [12, 13]. In this chapter, we review the Symanzik improvement program and some
applications. In general, when considering improvement for lattice QCD, one needs to improve
euclidean correlation function
⟨O⟩ = 1
Z
ˆ
DUDψDψ¯e−S[U,ψ,ψ¯]O [U,ψ, ψ¯] . (3.1)
In this context, we have to improved both of the action and the interpolator O. Here let us discuss
improvement of action. For improvement of interpolators, please see e.g. Ref. [30].
3.1 Symanzik improvement program
As mentioned before, Symanzik have introduced a local eﬀective lagrangian for analyzing the
discretization eﬀect. Furthermore this analysis provides a strategy for improving the lattice artifact.
The idea is that lattice gauge theory which is defined on non-zero a can be described by a local
eﬀective lagrangian. Short distance behaviors are parametrized to short distance coeﬃcients, whilst
long distance eﬀects are described by local eﬀective lagrangian. Symanzik says that any lattice
lagrangian can be written as
Llat .= LSym, (3.2)
where
.
= means that “has the same on-shell matrix elements”. The right-hand side of Eq. (3.2)
is a local eﬀective lagrangian which is used for analyzing output data. For lattice QCD, the local
eﬀective lagrangian can be written
LSym = LQCD + LI , (3.3)
where LQCD is the continuum QCD lagrangian and LI denotes the parts of lattice artifact which
is describe as
LI =
∑
O
adimO−4KO
(
g2, ma;µa
)
OR (µ) (3.4)
with dimO > 4. Here µ denotes the renormalization scale and m is the renormalized quark mass,
also g2 represents the renormalized coupling. adimO−4KO (g2, ma;µa) is a short-distance coeﬃcient.
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Furthermore the renormalized operator OR (µ) depends on long-distance only. In the interaction
picture, one can omit redundant interactions fromLI by the field redefinitions
ψ → ψ + adimXεXψ, (3.5)
ψ¯ → ψ¯ + adimX ε¯ψ¯X, (3.6)
where X is an arbitary gauge-covariant operator and ε, ε¯ are free parameters. These transforma-
tions do no change on-shell quantities, e.g. hadron masses, though the measure of the path integral
is changed non-significantly. Then LI is changed as
LI → LI +
∑
X
adimX
[
ε¯ψ¯X (D/+m)ψε¯+ ψ¯
(
−←−D/+m
)
Xψ
]
. (3.7)
Coeﬃcients of higher order terms should be tuned based on the analysis of the Symanzik eﬀective
theory up to a required level .
3.2 O(a)-improvement for the Wilson fermion
For O (a) -improvement of the Wilson fermion, the clover term is widely employed in lattice
simulations. Historically the clover term has been introduced in the context of the field rotation
[15] which corresponds to Eqs. (3.5), (3.6). Here we review the approach in Ref. [30]. First we
think of the local eﬀective lagrangian of the Wilson fermion
Seﬀ =
ˆ
d4x
(L0 + aL1 + a2L2 + · · · ) , (3.8)
where L0 is the continuum QCD lagrangian and the lagrangians Lk are dimension 4+k operators.
Requiring desirable symmetries, following 5 dimensional operator for L1 remain
O1 = ψ¯σµνFµνψ, (3.9)
O2 = ψ¯
−→
Dµ
−→
D νψ + ψ¯
←−
Dµ
←−
D νψ, (3.10)
O3 = mtr [FµνFµν ] , (3.11)
O4 = m
(
ψ¯γµ
−→
Dµψ − ψ¯γµ←−Dµψ
)
, (3.12)
O5 = m
2ψ¯ψ, (3.13)
where Dµ is the continuum covariant derivative operator. However if we use the filed equation
(γµDµ +m)ψ = 0, one obtains following relations
O1 − O2 + 2O5 = 0, (3.14)
O4 + 2O5 = 0. (3.15)
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Thus O2 and O4 are redundant in terms of the on-shell improvement. Moreover O3 and O5 can be
absorbed into the definition of mass and coupling. Then we can write down an improved action
for the Wilson fermion
Simp = SWilson +
cSW
2
a5
∑
µ<ν
ψ¯σµνFˆµνψ, (3.16)
which is so-called the clover-improved Wilson fermion and cSW is a free parameter to be tuned.
Here Fˆµν is a discretized version of the field strength tensor
Fˆµν =
−i
8a
(Qµν (x)−Qνµ (x)) , (3.17)
where Qµν (x) is given by
Qµν (x) = Uµ,ν (x) + Uν,−µ (x) + U−µ,−ν (x) + U−ν,µ (x)
and is graphically shown in Fig. 3.1. This shape is often expressed as the clover leaf.
x
xµ
ν
Figure 3.1: Graphical representation of the Qµν (x) in the xµ − xν plan used for the definition of
the lattice field strength. This shape is often expressed as the clover leaf.
3.3 D234 action
Here we first review the clover improvement in terms of the field rotation or the filed redefinition
which do not aﬀect on-shell quantities. Let us start from the continuum action
ˆ
ψ¯cMcψc ≡
ˆ
d4xψ¯c (x) (D/ +mc)ψc. (3.18)
Then if we perform a following field rotation
ψc = Ωcψ, (3.19)
ψ¯c = ψ¯Ω¯c, (3.20)
the action is transformed as
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ψ¯cMcψc = ψ¯MΩψ, (3.21)
MΩ ≡ Ω¯cMcΩc. (3.22)
If we choose
Ω¯c = Ωc, (3.23)
Ω¯cΩc = 1− ra
2
(D/ −mc) , (3.24)
where a is just a parameter. Note that Ω and Ω¯ are optionally chosen and one may think of an
another choice. Then
MΩ = Ω¯c (D/−mc)Ωc
= Ω¯cD/Ωc −mc
(
1− ra
2
(D/ −mc)
)
≈
(
1− ra
4
(D/−mc)
)
D/
(
1− ra
4
(D/−mc)
)
−mc
(
1− ra
2
(D/−mc)
)
= mc +D/ − 1
2
ra
(
D/2 −m2c
)
= mc
(
1 +
1
2
ramc
)
+D/− 1
2
ra
(∑
µ
D2µ +
1
2
σ · F
)
, (3.25)
where we used
(
1− ra2 (D/ −mc)
)1/2 ≈ 1 − ra4 (D/−mc) in the third line and {γµDµ, γνDν} =
2δµνD2µ + σµνFµν in the last line. The Shiekholeslami-Wohlert action or clover-improved Wilson
action can be obtained by replacing the derivatives with leading discretized operators in Eq. (3.25)
MSW = mc
(
1 +
1
2
ramc
)
+∇/− 1
2
ra
∑
µ
△µ − 1
4
raσ · Fˆ , (3.26)
where ∇µ and △µ are defined as
∇µψ (x) = 1
2a
[
Uµ (x)ψ (x+ µˆ)− U †µ (x− µˆ)ψ (x− µˆ)
]
(3.27)
△µψ (x) = 1
2a
[
Uµ (x)ψ (x+ µˆ) + U
†
µ (x− µˆ)ψ (x− µˆ)− 2ψ (x)
]
(3.28)
If one is interested in only on-shell quantities, we could use the propagator G = M−1, but oﬀ-
shell quantities may have O (a) errors, since Ωc = 1 + O (a) and therefore ψ = ψc + O (a). In
order to remove this error in oﬀ-shell quantities, we perform a lattice version of the inverse field
rotation Ω and Ω¯. Then the action is changed as Ω¯−1MΩ−1 and the propagator of the action
is G = Ω¯M−1Ω = M−1c + O (a
n). If one takes into account up to the next leading order in the
expansion of the continuum derivatives, we obtain
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MD234 = mc
(
1 +
1
2
ramc
)
+
∑
µ
γµ∇µ
(
1− ba2△µ
)
, (3.29)
− 1
2
ra
∑
µ
△µ − 1
4
raσ · Fˆ + ca3
∑
µ
△2µ, (3.30)
where b = 1/6 and c = r/24. The D234 action does not have O (a) and O (a2) errors. The
dispersion relation of the D234 action has been discussed3 in Ref. [31]. Furthermore this action
contains the unphysical additional poles which are called “Ghost” or “lattice Ghost”. The ghosts
may be harmful in some cases.This problem will be discussed in later chapter.
3.4 Tree-level improved Symanzik gauge action
Improved gauge actions also have been proposed based on the Symanzik improvement program
[32, 33]. The improved gauge action includes higher dimensional expressions of the gauge invariant
pure gage action on the lattice. The tree-level Symanzik improved action is defined as follows
Sgauge =
1
g2lat
[
c0
∑
plaquette
TrUpl + c1
∑
rectangle
TrUrtg + c2
∑
chair
TrUchr + c3
∑
parallelogram
TrUplg
]
, (3.31)
which have higher gauge invariant objects. Then the coeﬃcient are normalized so that
c0 + 8c1 + 16c2 + 8c3 = 1. (3.32)
For the tree-level improvement, the following conditions should be imposed for the coeﬃcients
c1 − c2 − c3 = − 1
12
, (3.33)
This condition was derived from a computation of the energies of excited states with the twisted
periodic boundary condition. Further this improved action has been employed extensively in lattice
QCD simulations.
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Chapter 4
Chiral symmetry on the lattice
Chiral symmetry is the approximate symmetry in QCD. On the lattice, chiral symmetry is ap-
parently broken by the Wilson term even in massless case. On the other hand, the Wilson term
should be added to decouple doublers. The situation related to the chiral symmetry on the lattice
is not straightforward. However this problem has been solved in the context of the Ginsparg-
Wilson relation[34] and Neuberger presented a particular solution which is called overlap fermion
[35]. Chiral symmetric lattice fermions are also promising for heavy quark physics, since the chiral
symmetry forbid some parts of discretization errors. We will also discuss this aspect of chiral
symmetric fermions.
4.1 Chiral symmetry on the continuum theory
First of all, I review violation of chiral symmetry at the classical level. Fermion actions can be
written down as
SF =
ˆ
d4xψ [D/+m]ψ. (4.1)
Then the chiral transformation is defined as follows
ψ → eiθγ5ψ,
ψ → ψeiθγ5 . (4.2)
At m = 0, this action maintains the chiral symmetry. A non-zero mass term breaks the symmetry
which is expressed by
{D, γ5} ≠ 0 (4.3)
If there is the chiral symmetry,
{D, γ5} = 0. (4.4)
However this symmetry breaks down in a perturbative theory which is well-known the Adler-Bell-
Jackiw anomaly. Then the conservation law of the chiral symmetry become
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∂µAµ =
g2
32π2
εµναβFµνFαβ . (4.5)
The right hand side of Eq. (4.5) is called the chiral anomaly and is strongly related to zero modes
of the Dirac-operator which is well-known Atiyah-Singer index theorem [36].
4.2 Ginsparg-Wilson relation
Keeping the chiral symmetry on the lattice is diﬃcult from the Nielsen-Ninomiya No-Go theorem.
For instance, the Wilson term have to be added to naive lattice fermion in order to decouple
doublers and the Wilson term explicitly breaks the chiral symmetry as {D, γ5} = O(a). The
Ginsparg-Wilson relation has derived through spin block transformations from chiral symmetric
continuum theory.
{D, γ5} = 2aDRγ5D (4.6)
Here let us review derivation of the Ginsparg-Wilson relation [34]. We consider a chiral symmetric
action SI
(
φ, φ¯
)
, that is
SI
(
eiεγ5φ, φ¯eiεγ5
)
= SI
(
φ, φ¯
)
, (4.7)
where φ, φ¯ are fermion fields. Then we define a new fermion action S
(
ψ, ψ¯
)
by the block-spin
transformation
e−S(ψ,ψ¯) =
ˆ
DφDφ¯exp [− (ψ¯n − φ¯n)αnm (ψm − φm)− SI (φ, φ¯)] . (4.8)
The φ and φ¯ in the right hand side of the Eq. 22 are block variables. The matrix α may take some
gamma matrices, but we focus on the form α ∝ 1 which corresponds to the chiral variant term
mψ¯ψ. Here we perform the chiral transformation in Eq. 4.8
e−S(e
iεγ5ψ,ψ¯eiεγ5) =
ˆ
DφDφ¯exp [− (ψ¯neiεγ5 − φ¯n)αnm (eiεγ5ψm − φm)− SI (φ, φ¯)] .
=
ˆ
DφDφ¯exp [− (ψ¯neiεγ5 − φ¯neiεγ5)αnm (eiεγ5ψm − eiεγ5φm)− SI (eiεγ5φ, eiεγ5φ¯)]
=
ˆ
DφDφ¯exp [− (ψ¯n − φ¯n) eiεγ5αnmeiεγ5 (ψm − φm)− SI (φ, φ¯)] , (4.9)
where if one assume that S
(
ψ, ψ¯
)
= ψ¯Dψ, we expand the left hand side
exp
[−ψ¯eiεγ5Deiεγ5ψ] ≃ exp [−ψ¯ (D + iε{D, γ5})ψ]
≃ exp [−ψ¯Dψ] (1− iεψ¯{D, γ5}ψ) (4.10)
and for the right hand side
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≃
ˆ
DφDφ¯exp [− (ψ¯n − φ¯n) (αnm + iε{αnm, γ5}) (ψm − φm)− SI (φ, φ¯)]
=
ˆ
DφDφ¯exp [− (ψ¯n − φ¯n)αnm (ψm − φm)− SI (φ, φ¯)− iε (ψ¯n − φ¯n) {αnm, γ5} (ψm − φm)]
≃
ˆ
DφDφ¯ (1− iε (ψ¯n − φ¯n) {αnm, γ5} (ψm − φm)) exp [− (ψ¯n − φ¯n)αnm (ψm − φm)− SI (φ, φ¯)]
=
[
1− iε δ
δψ
α−1{α, γ5}α−1 δ
δψ¯
] ˆ
DφDφ¯exp [− (ψ¯ − φ¯)α (ψ − φ)− SI (φ, φ¯)] . (4.11)
Then the transformation in the last line is not trivial. To check this, we perform
δ
δψ
α−1{α, γ5}α−1 δ
δψ¯
ˆ
DφDφ¯exp [− (ψ¯ − φ¯)α (ψ − φ)− SI (φ, φ¯)]
=
δ
δψ
α−1{α, γ5}α−1
ˆ
DφDφ¯ [−α + α (ψ − φ)] exp [− (ψ¯ − φ¯)α (ψ − φ)− SI (φ, φ¯)]
=
ˆ
DφDφ¯ [−Tr [α−1{α, γ5}]+ (ψ¯ − φ¯) {α, γ5} (ψ − φ)] exp [− (ψ¯ − φ¯)α (ψ − φ)− SI (φ, φ¯)] ,
(4.12)
where the first term vanishes due to
Tr
[
α−1{α, γ5}
]
= 2Tr [γ5] = 0. (4.13)
Furthermore one can immediately notice that
α−1{α, γ5}α−1 = {γ5,α−1} (4.14)
Therefore we could prove that
ˆ
DφDφ¯ [(ψ¯ − φ¯) {α, γ5} (ψ − φ)] exp [− (ψ¯ − φ¯)α (ψ − φ)− SI (φ, φ¯)]
=
δ
δψ
α−1{α, γ5}α−1 δ
δψ¯
e−S(ψ,ψ¯). (4.15)
Then if we compare the O (ε) term in Eq. (4.9), we obtain a following relation
e−S(ψ,¯ψ)ψ¯{D, γ5}ψ = δ
δψ
{γ5,α−1} δ
δψ¯
e−S(ψ,ψ¯). (4.16)
By using a following formula
Dψe−ψ¯Dψ = − δ
δψ¯
e−ψ¯Dψ, (4.17)
ψ¯De−ψ¯Dψ =
δ
δψ
e−ψ¯Dψ, (4.18)
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we found that
e−S(ψ,ψ¯)ψ¯{D, γ5}ψ = − δ
δψ
{γ5,α−1}Dψe−S(ψ,ψ¯)
=
(−Tr [{γ5,α−1}D]+ ψ¯D{γ5,α−1}Dψ) e−S(ψ,ψ¯) (4.19)
In general the term Tr [{γ5,α−1}D] remains, for instance in the case of D ∝ γ5. However now we
assume that D ∝ γµ and recall α−1 ∝ 1. Then Tr [{γ5,α−1}D] = 0 and thus we obtain finally a
relation
{D, γ5} = 2Dγ5α−1D, (4.20)
which is called Ginsparg-Wilson relation. Here α−1 is often represented as R = α−1 and thus one
sees the usual expression of the Ginsparg-Wilson relations. Note that generally one can not ignore
the term Tr [{γ5,α−1}D], but if we restrict to a non-singlet transformation in ψ → eiεaτaψ, the
term vanishes due to tr [τa] = 0 with a ̸=0.
4.3 Neuberger’s overlap fermion
The overlap fermions is introduced by Neuberger as
D =
1
a
[
1 +
A√
A†A
]
, (4.21)
where A = −M0 + aDW and DW is the massless Wilson Dirac-operator. Here A is often called
a kernel o the overlap Dirac-operator. This is one of solution for the Ginsparg-Wilson relation
{D, γ5} = aDγ5D. To check this, we define a quantity
V ≡ A√
A†A
, (4.22)
where V satisfies following relations
γ5V γ5 = V
†, (4.23)
which is often called the gamma5 hermiticity. Then we can transform
γ5
1
aD
γ5 = γ5 (1 + V )
−1 γ5
= γ5
(
Σ
n
anV
n
)
γ5
= Σ
n
an (γ5V γ5)
n
= Σ
n
an
(
V †
)n
=
(
1 + V †
)−1
=
V
V + 1
= 1− 1
aD
. (4.24)
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If we use this relation, one can obtains
γ5D
−1γ5 = a−D−1
γ5D
−1 +D−1γ5 = aγ5 (4.25)
also it can be read as the Ginsparg-Wilson
{D, γ5} = aDγ5D. (4.26)
Also it may be convenient to write the overlap fermion by using the hermitian Wilson Dirac-
operator HW = γ5DW as follows
D =
1
a
[
1 + γ5
HW√
H2W
]
=
1
a
[1 + γ5sgn (HW )] , (4.27)
where sgn (x) is the sign function of a variable x. As we see, the overlap Dirac-operator includes
the propagator of the Wilson Dirac-operator. Thus a implementation of the overlap Dirac-operator
is generally intensive from the viewpoint of numerical costs. Moreover if near zeros of the HW is
harmful for the locality of the overlap Dirac-operator, but it has been discussed in Refs. [37, 38,
39, 40, 41].
4.4 Chiral symmetry and discretization errors
I would like to review a relation between the chiral symmetry and discretization errors. An open
question is that why we need to impose the chiral symmetry for heavy quarks. Here I follow the
discussion of Ref [9] in order to reveal a relation between the chiral symmetry and discretization
error. For convenience, we define the following mass matrix
M =
⎛⎜⎜⎜⎜⎜⎜⎜⎝
m1 0 · · · 0
0 m2
. . .
...
...
. . .
. . . 0
0 · · · 0 mN
⎞⎟⎟⎟⎟⎟⎟⎟⎠
(4.28)
on the Nf flavor space with spurious filed transformations
M→ VRMV †L (4.29)
M† → VLM†V †R (4.30)
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under SU(Nf )L × SU(Nf )R symmetry. Here .VL and VR denotes respectively elements of the
fundamental representation. Quark fields are expressed as
qL = P−q, (4.31)
q¯L = q¯P+, (4.32)
qR = P+q, (4.33)
q¯R = q¯RP−, (4.34)
where P± = (1± γ5) /2 and are transformed by
qL → VLqL, (4.35)
q¯L → q¯LV †L , (4.36)
qR → VRqR, (4.37)
q¯R → q¯RV †R, (4.38)
under the symmetry. Here we choose M = M† = M for the spurious field transformations. We
observe that allowing operator are
M2n · (SU (Nf)L × SU (Nf )R invariant operator) . (4.39)
In this context, for instance following operators are allowed
q¯M2n+1q, (4.40)
q¯M2nγµDµq, (4.41)
q¯M2n+1σµνFµνq, (4.42)
however operators
q¯M2nq, (4.43)
q¯M2n+1γµDµq, (4.44)
q¯M2nσµνFµνq, (4.45)
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are forbidden with n ≥ 0. Here we show this mechanism with focus on the case of q¯M2n+1q and
q¯M2nq .
q¯M2n+1q = (q¯L + q¯R)M
2n+1 (qL + qR)
→
(
q¯LV
†
L + q¯RV
†
R
)
M2n+1 (VLqL + VRqR)
= q¯LV
†
LM
2n+1VLqL + q¯RV
†
RM
2n+1VLqL
+ q¯LV
†
LM
2n+1VRqR + q¯RV
†
RM
2n+1VRqRVRqR,
where we still do not perform the spurious field transformations of M . If we consider this trans-
formation, above terms are invariant as
q¯LV
†
LM
2n+1VLqL → q¯LV †LVLMV †RVRMV †L · · ·VRMV †LVLqL
= q¯LM
2n+1qL (4.46)
q¯RV
†
RM
2n+1VLqL → q¯RV †RVRMV †L · · ·VRMV †LVLqL
= q¯RM
2n+1qL (4.47)
In a similar way, other two terms also can be proved as above transformations. Thus we observe
that the operator q¯M2n+1q is invariant under the transformations. At this point the essential
properties is that odd powers of M . By contrast, we think of the transformation of the q¯M2nq .
Firstly a following term is invariant the under current transformations
q¯LV
†
LM
2nVLqL → q¯LV †LVLMV †RVRMV †L · · ·VLqL
= q¯LM
2nqL, (4.48)
however following kind of terms can not be invariant.
q¯RV
†
RM
2nVLqL → q¯RV †RVRMV †LVLMV †R · · ·VLMV †RVLqL
= q¯RM
2nV †RVLqL (4.49)
Thus we see that q¯M2nq is not invariant and such terms is forbidden in the chiral symmetric action.
In this way, the chiral symmetry can suppress some parts of discretization errors and it would be
an advantage of the chiral symmetric fermion in heavy quark physics.
4.5 Standard domain-wall fermion
Conventional domain-wall fermions are defined on the 5 dimensional space time with the Wilson
Dirac operator DW (−M). Then the Wilson Dirac operator has a large negative mass which is
called a domain-wall height. In this section and next section, I will follow discussions of Ref. [42].
The domain-wall fermion action is defined by
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SDW =
∑
x
ψ¯D5DWψ, (4.50)
where the 5-dimensional Dirac operator is given as follows
D5DW =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
D|| −P− 0 · · · 0 mP+
−P+ D|| . . . . . . · · · 0
0
. . . D||
. . .
. . .
...
...
. . .
. . .
. . .
. . . 0
0 · · · 0 −P+ D|| −P−
mP− 0 · · · · · · −P+ D||
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (4.51)
Here D|| = 1 + DW (−M) and D⊥ = P−δs+1,s′ + P+δs−1,s′ . The chiral projection is defined as
P± = (1± γ5) /2. Then physical fields in 4D can be defined as
q =
(P−1ψ)
1
, (4.52)
q¯ =
(
ψ¯R5P
)
1
, (4.53)
where (· · · )1 represents taking the first component in 5-dimension and P,P−1, R are respectively
defined as follows
P =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
P− P+ 0 · · · · · · 0
0 P− P+
. . .
. . .
...
...
. . . P− P+
. . .
...
...
. . .
. . . P− P+ 0
0
. . .
. . .
. . .
. . . P+
P+ 0 · · · · · · 0 P−
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.54)
P−1 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
P− 0 · · · · · · 0 P+
P+ P−
. . .
. . .
. . . 0
0
. . . P−
. . .
. . .
...
...
. . .
. . . P−
. . .
...
...
. . .
. . .
. . .
. . . 0
0 · · · · · · 0 P+ P−
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.55)
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R5 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 · · · · · · 0 1
0 0 · · · · · · 1 0
...
...
. . .
. . .
...
...
...
...
. . .
. . .
...
...
0 1 · · · · · · 0 0
1 0 · · · · · · 0 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (4.56)
Then if we perform a basis transformation
χ = P−1ψ, (4.57)
χ¯ = ψ¯γ5Q−, (4.58)
the standard domain-wall action can be written
SDW =
∑
ψ¯DDWψ =
∑(
ψ¯γ5Q−
) (
Q−1− γ5D
5
DWP
) (P−1ψ) = χ¯D5χχ, (4.59)
where
Q− = H||P− − P+ = 1
2
γ5 [DW − (2 +DW ) γ5] (4.60)
and we may define
Q+ = H||P+ + P− =
1
2
γ5 [DW + (2 +DW ) γ5] (4.61)
T−1 = −Q−1− Q+ =
1 +HT
1−HT (4.62)
Here the Shamir kernel HT is written as
HT = γ5
DW
2 +DW
(4.63)
Then the transformed Dirac-operator D5χ can be expressed
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D5χ = Q
−1
− γ5D
5
DWP
=
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
P− −mP+ −T−1 0 · · · · · · 0
0 1 −T−1 . . . . . . ...
... 0 1 −T−1 . . . ...
...
...
. . .
. . .
. . . 0
...
...
. . .
. . . 1 −T−1
−T−1 (P+ −mP−) 0 · · · · · · 0 1
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(4.64)
≡
⎛⎝ D C
B A
⎞⎠ . (4.65)
To be specific, D,C,B and A are respectively
D1×1 = P− −mP+, (4.66)
C1×(Ns−1) =
(
−T−1 0 · · · · · · 0
)
, (4.67)
B(Ns−1)×1 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0
...
...
0
−T−1 (P+ −mP−)
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.68)
A(Ns−1)×(Ns−1) =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 −T−1 0 · · · 0
0 1 −T−1 . . . ...
...
. . .
. . .
. . . 0
...
. . .
. . .
. . . −T−1
0 · · · · · · 0 1
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.69)
Then we perform the block diagonalization of the D5χ by using the UDL decomposition⎛⎝ D C
B A
⎞⎠ =
⎛⎝ 1 CA−1
0 1
⎞⎠⎛⎝ Sχ 0
0 A
⎞⎠⎛⎝ 1 0
A−1B 1
⎞⎠ . (4.70)
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with Sχ = D − CA−1B. We note that det (A) = 1. The inverse matrix of A can be calculated
easily as
A−1 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 −T−1 0 · · · 0
0 1 −T−1 . . . ...
...
. . .
. . .
. . . 0
...
. . .
. . . 1 −T−1
0 · · · · · · 0 1
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
−1
=
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 T−1 T−2 · · · T−Ls+2
0 1 T−1
. . . T−Ls+3
...
. . .
. . .
. . .
...
...
. . .
. . . 1 T−1
0 · · · · · · 0 1
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Then one can write down Sχ (m) as follows
Sχ (m) = (P− −mP+)− T−Ls (P+ −mP−)
= − (T−Ls + 1) γ5 [1 +m
2
+
1−m
2
γ5
T−Ls − 1
T−Ls + 1
]
, (4.71)
also 4-dimensional eﬀective operator can be written as
D4 = S−1χ (m = 1)Sχ (m)
=
1 +m
2
+
1−m
2
γ5
T−Ls − 1
T−Ls + 1
with S−1χ (m = 1) = −
(
T−Ls + 1
)
γ5 which corresponds to the Pauli-Villars field in the domain-
wall fermion formalism. Now let me describe the 4D eﬀective operator in 5D space. The 4D
eﬀective operator can be expressed by
D4 = S−1χ (m = 1)Sχ (m) =
[
P−1 (D5DW (m = 1))−1DDW (m)P]
11
.
In order to confirm this relation, we start from (D5DW (m = 1))
−1
DDW (m)
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(
D5DW (m = 1)
)−1
DDW (m) =
(
γ5Q−D
5
χ (m = 1)P−1
)−1
γ5Q−D
5
χ (m)P−1
= P (D5χ (m = 1))−1D5χ (m)P−1
= P
⎡⎣⎛⎝ 1 CA−1
0 1
⎞⎠⎛⎝ Sχ (m = 1) 0
0 A
⎞⎠⎛⎝ 1 0
A−1B 1
⎞⎠⎤⎦−1
⎡⎣⎛⎝ 1 CA−1
0 1
⎞⎠⎛⎝ Sχ (m) 0
0 A
⎞⎠⎛⎝ 1 0
A−1B 1
⎞⎠⎤⎦P−1
= P
⎛⎝ 1 0
A−1B 1
⎞⎠−1⎛⎝ S−1χ (m = 1) 0
0 A−1
⎞⎠
⎛⎝ Sχ (m) 0
0 A
⎞⎠⎛⎝ 1 0
A−1B 1
⎞⎠P−1
= P
⎛⎝ 1 0
A−1B 1
⎞⎠−1⎛⎝ S−1χ (m = 1)Sχ (m) 0
0 1
⎞⎠⎛⎝ 1 0
A−1B 1
⎞⎠P−1
= P
⎛⎝ 1 0
A−1B 1
⎞⎠−1⎛⎝ S−1χ (m = 1)Sχ (m) 0
A−1B 1
⎞⎠P−1 (4.72)
Therefore we obtain a following relation
P−1 (D5DW (m = 1))−1D5DW (m)P =
⎛⎝ S−1χ (m = 1)Sχ (m) 0
A−1B
(
1− S−1χ (m = 1)Sχ (m)
)
1
⎞⎠ , (4.73)
and define a 4D eﬀective operator by taking the (1, 1) component of the this relation
[
P−1 (D5DW (m = 1))−1D5DW (m)P]
11
= S−1χ (m = 1)Sχ (m) = D
4. (4.74)
Then the propagator of the 4D eﬀective operator can be found as
(1−m)−1
[(
D4
)−1 − 1] = (1−m)−1 [P−1 (D5DW (m))−1D5DW (m = 1)P]
11
− 1
= (1−m)−1
[
P−1 (D5DW (m))−1 (D5DW (m = 1)−D5DW (m))P]
11
.
(4.75)
By the subtraction in the right-hand side, almost parts vanish and remained parts are
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(
D5DW (m = 1)−D5DW (m)
)P =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 · · · · · · · · · 0 (1−m)P+
...
. . .
. . .
. . .
. . . 0
...
. . .
. . .
. . .
. . .
...
...
. . .
. . .
. . .
. . .
...
0
. . .
. . .
. . .
. . .
...
(1−m)P− 0 · · · · · · · · · 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
×
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
P− P+ 0 · · · · · · 0
0 P− P+ 0
. . .
...
...
. . .
. . .
. . .
. . .
...
...
. . .
. . .
. . .
. . . 0
0
. . .
. . .
. . .
. . . P+
P+ 0 · · · · · · 0 P−
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= (1−m)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
P+ · · · · · · · · · 0 0
...
. . .
. . .
. . .
. . . 0
...
. . .
. . .
. . .
. . .
...
...
. . .
. . .
. . .
. . .
...
0
. . .
. . .
. . .
. . .
...
P− 0 · · · · · · · · · 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (4.76)
On the other hand, R5P is written as follows
R5P =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
P+ 0 · · · · · · 0 P−
0 · · · · · · 0 P− 0
... . .
.
. .
.
P− 0
...
... . .
.
. .
.
. .
.
. .
. ...
0 . .
.
. .
.
. .
.
. .
. ...
P− 0 · · · · · · · · · 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (4.77)
Here we found that the first row is same among two expressions. If one takes into account the
operation [· · · ]11 , we obtain a following relation
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(1−m)−1
[(
D4
)−1 − 1] = [P−1 (D5DW (m))−1R5P]
11
(4.78)
Thus the standard domain-wall fermions corresponds to Neuberger’s overlap Dirac operator
DN (m) =
1 +m
2
+
1−m
2
γ5sgn (HK) , (4.79)
with the kernel HK being HT and the sign function can be written as
sgntanh(HT ) =
T−Ls − 1
T−Ls + 1
=
(1 +HT )
Ls − (1−HT )Ls
(1 +HT )
Ls + (1−HT )Ls
. (4.80)
Then if we consider a following quantity x = tanh−1 (HT ), one can derive these relations
HT = tanh (x) =
ex − e−x
ex + e−x
=
1− e−2x
1 + e2x
, (4.81)
(
1 + e2x
)
HT = 1− e−2x
e−2x =
1−HT
1 +HT
. (4.82)
By using above relations,
(1 +HT )
Ls − (1−HT )Ls
(1 +HT )
Ls + (1−HT )Ls
=
1− e−2Lsx
1 + e−2Lsx
=
eLsx − e−Lsx
eLsx + e−Lsx
= tanh (Lsx)
= tanh
(
Lstanh
−1 (HT )
)
(4.83)
Thus we can write down an approximate sign function
sgntanh(HT ) = tanh
(
Lstanh
−1 (HT )
)
. (4.84)
4.6 Generalized domain-wall fermions
At Ls → ∞ , the domain-wall fermion has the exact chiral symmetry in terms of the Ginsparg-
Wilson relation. In other words, the domain-wall fermion can be identified with the overlap fermion
in this limit. Here we generalize the conventional domain-wall fermion formulation for tuning of
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violation the chiral symmetry. Let us define a generalized domain-wall fermion formulation as
follows
SGDW =
∑
ψ¯D5GDWψ, (4.85)
D5GDW =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
D˜1 −P− 0 · · · 0 mP+
−P+ D˜2 −P− 0 · · · 0
0 −P+ D˜3 . . . . . .
...
...
. . .
. . .
. . .
. . . 0
0
. . .
. . .
. . .
. . . −P−
mP− 0 · · · 0 −P+ D˜Ls
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.86)
where
D˜s =
(
Ds−
)−1
Ds+ (4.87)
D˜s+ = as (1 + bsDW (−M)) , (4.88)
D˜s− = as (1− csDW (−M)) . (4.89)
with some constant as, bs and cs. By a change of the basis as the case of the standard domain-wall
fermion, we obtain
SGDW =
∑
ψ¯DGDWψ =
∑(
ψ¯γ5Q−
) (
Q−1− γ5D
5
GDWP
) (P−1ψ) =∑ χ¯D5χχ, (4.90)
where D5χ and Q_ are respectively
D5χ = Q
−1
− γ5D
5
DWP
=
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
P− −mP+ −T−11 0 · · · · · · 0
0 1 −T−12
. . .
. . .
...
... 0 1 −T−13
. . .
...
...
...
. . .
. . .
. . . 0
...
...
. . .
. . . 1 −T−1Ls−1
−T−1 (P+ −mP−) 0 · · · · · · 0 1
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
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Q− =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
Q1− 0 · · · · · · 0
0 Q2−
. . .
. . .
...
...
. . . Q3−
. . .
...
...
. . .
. . .
. . . 0
0 · · · · · · 0 QLs−
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(4.91)
with Qs± = D˜
sP∓ − P±. Then by doing Schur decomposition as Eq. (4.72), we obtain
Sχ (m) = (P− −mP+)− T−11 T−12 · · ·T−1Ls (P+ −mP−)
= − (1 + T−11 T−12 T−13 · · ·T−1Ls ) γ5
×
[
1 +m
2
+
1−m
2
γ5
T−11 T
−1
2 T
−1
3 · · ·T−1Ls − 1
T−11 T
−1
2 T
−1
3 · · ·T−1Ls + 1
]
, (4.92)
and
T−1s = −
(
Qs−
)−1
Qs+
= −
[
1− γ5 (bs + cs)DW
2 + (bs − cs)DW
]−1 [
1 + γ5
(bs + cs)DW
2 + (bs − cs)DW
]
. (4.93)
If we introduce new parameters
bs + cs = bωs, (4.94)
bs − cs = c, (4.95)
one may define the Moebius kernel
HM = γ5
bDW
2 + cDW
, (4.96)
where the case of b = c = 1 corresponds to the Shamir kernel. Then the transfer matrix for the
Moebius kernel can be written as
T−1s =
1 + ωsHM
1− ωsHM . (4.97)
Then we may optimize b and c so that the violation of the Ginsparg-Wilson relation is smaller
than the standard domain-wall fermion.
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4.7 A relation between the domain-wall fermion and the over-
lap fermion
In this section, we review a relation between the domain-wall fermion and the overlap fermion in
context of Ref. [43]. Here we start from the domain-wall fermion formalism on the 5-dimensional
space time with finite Ns.
SDW =
∑
s,t
∑
n
ψ¯n,s{γµ1
2
(∇µ +∇†µ) δs,t + PLMst + PRM †st}ψn,t, (4.98)
where
a5Mst = [δs,tB − δs,t+1] (4.99)
=
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
B −1 0 · · · · · · 0
0 B −1 . . . . . . ...
... 0
. . .
. . .
. . .
...
...
. . .
. . .
. . .
. . . 0
...
. . .
. . .
. . .
. . . −1
0 · · · · · · · · · 0 B
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(4.100)
and B = 1 − a5
(
a
2∇µ∇†µ +M0/a
)
. Here aand a5 are respectively the lattice spacing of the 4
dimensions and the 5 dimension and the lattice derivatives are defined by
a∇µψ (x) = Un,µψ (n + µˆ)− ψ (x) , (4.101)
a∇†µψ (x) = ψ (n)− U †n−µˆ,µψ (x− µˆ) . (4.102)
Here we aim to derive the 4D eﬀective action by integrating the 5-dimension fields.
Seﬀ = a4
∑
n,m
q¯nD
eﬀ
nmqn (4.103)
To do that, we introduce external fields J and J¯ coupled to q and q¯. For simplicity, we work in the
specific case Ls = 4 and speculate a general form at Ls. In this case the fermion fields are written
as
Ψ¯ =
(
ψ¯L1 , ψ¯
R
1 , ψ¯
L
2 , ψ¯
R
2 , ψ¯
L
3 , ψ¯
R
3 , ψ¯
L
4 , ψ¯
R
4
)
(4.104)
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Ψ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
ψL1
ψR1
ψL2
ψR2
ψL3
ψR3
ψL4
ψR4
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(4.105)
and the Dirac-operator is
a5DDW =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
B C 0 0 0 0 0 0
−C† B 0 −1 0 0 0 0
−1 0 B C 0 0 0 0
0 0 −C† B 0 −1 0 0
0 0 −1 0 B C 0 0
0 0 0 0 −C† B 0 −1
0 0 0 0 −1 0 B C
0 0 0 0 0 0 −C† B
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (4.106)
where the chiral representation of the gamma matrix are employed
γµ =
⎛⎝ 0 σµ
σ†µ 0
⎞⎠ , (4.107)
γ5 =
⎛⎝ 1 0
0 −1
⎞⎠ , (4.108)
and C and C† and defined as C = a5σµ
(∇µ +∇∗µ) /2 and C† = −a5σµ (∇µ +∇∗µ) /2. Here we
may exchange the left-handed and the right-handed component for every ψ in Ψ⎛⎝ ψLs
ψRs
⎞⎠⇒
⎛⎝ ψRs
ψLs
⎞⎠ =
⎛⎝ 0 1
1 0
⎞⎠⎛⎝ ψLs
ψRs
⎞⎠ . (4.109)
Then the Dirac-operator of the domain-wall fermion is changed as follows. Furthermore we move
the first low down to the last row
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a5D
′
DW ⇒ a5D′′DW =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
B −C† −1 0 0 0 0 0
0 −1 C B 0 0 0 0
0 0 B −C† −1 0 0 0
0 0 0 −1 C B 0 0
0 0 0 0 B −C† −1 0
0 0 0 0 0 −1 C B
0 0 0 0 0 0 B −C†
C B 0 0 0 0 0 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(4.110)
Consequently the components of the domain-wall fermion filed are transformed as
Ψ¯⇒ Ψ¯′′ ≡
(
ψ¯′′R1 ψ¯
′′L
1 ψ¯
′′R
2 ψ¯
′′L
2 ψ¯
′′R
3 ψ¯
′′L
3 ψ¯
′′R
4 ψ¯
′′L
4
)
=
(
ψ¯R1 ψ¯
L
2 ψ¯
R
2 ψ¯
L
3 ψ¯
R
3 ψ¯
L
3 ψ¯
R
4 ψ¯
L
1
)
(4.111)
Ψ⇒ Ψ′′ ≡
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
ψ′′L1
ψ′′R1
ψ′′L2
ψ′′R2
ψ′′L3
ψ′′R3
ψ′′L4
ψ′′R1
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
ψL1
ψR1
ψL2
ψR2
ψL3
ψR3
ψL4
ψR4
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(4.112)
If we use new fields, 5D quark field can be written as
qn = PLψn,1 + PRψn,Ns = PL
⎛⎝ 0 1
1 0
⎞⎠ψ′′n,1 + PR
⎛⎝ 0 1
1 0
⎞⎠ψ′′n,Ns, (4.113)
q¯n = ψ¯n,1PR + ψ¯n,NsPL
=
(
ψ¯Ln,1, ψ¯
R
n,1
)
PR +
(
ψ¯Ln,1, ψ¯
R
n,1
)
PL
=
(
ψ¯′′Rn,Ns , ψ¯
′′L
n,1
)
PR +
(
ψ¯′′Rn,Ns−1, ψ¯
′′L
n,Ns
)
PL
=
(
ψ¯′′Rn,Ns , 0
)
+
(
0, ψ¯′′Ln,Ns
)
=
(
ψ¯′′Rn,Ns , ψ¯
′′L
n,Ns
)
= ψ¯′′n,Ns
⎛⎝ 0 1
1 0
⎞⎠ , (4.114)
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therefore the external field part becomes
a4
∑
n
{J¯n
⎡⎣PL
⎛⎝ 0 1
1 0
⎞⎠ψ′′n,1 + PR
⎛⎝ 0 1
1 0
⎞⎠ψ′′n,Ns
⎤⎦+ ψ¯n,Ns
⎛⎝ 0 1
1 0
⎞⎠ Jn}. (4.115)
In order to express the two by two blocks of D′′DW , we define following quantities
α =
1
a5
⎛⎝ B −C†
0 −1
⎞⎠ , (4.116)
β =
1
a5
⎛⎝ −1 0
C B
⎞⎠ , (4.117)
α0 =
1
a5
⎛⎝ B −C†
0 0
⎞⎠ , (4.118)
β0 =
1
a5
⎛⎝ 0 0
C B
⎞⎠ . (4.119)
If one uses above definitions, we obtain
a5D
′′
DW =
⎛⎜⎜⎜⎜⎜⎜⎝
α β 0 0
0 α β 0
0 0 α β
β0 0 0 α0
⎞⎟⎟⎟⎟⎟⎟⎠ . (4.120)
Now we have a following partition function
Z =
ˆ
DΨ′′DΨ¯′′DUexp[Ψ¯D′′DWΨ′′
+ a4
∑
n
{J¯n
⎡⎣PL
⎛⎝ 0 1
1 0
⎞⎠ψ′′n,1 + PR
⎛⎝ 0 1
1 0
⎞⎠ψ′′n,Ns
⎤⎦+ ψ¯n,Ns
⎛⎝ 0 1
1 0
⎞⎠ Jn}]. (4.121)
Next we integrate out the coupled terms with the external fields. Firstly we perform integration
for the s = 1 part ⎡⎣J¯nPL
⎛⎝ 0 1
1 0
⎞⎠ + ψ¯′′n,Nsβ0
⎤⎦ψ′′n,1 + ψ¯′′n,1αψ′′n,1 + ψ¯′′n,1βψ′′n,2. (4.122)
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Here we introduce abbreviations X = J¯PL
⎛⎝ 0 1
1 0
⎞⎠ + ψ¯Nsβ0 and Y = βψ′′2 and then integration
are implemented as
ˆ
Dψ′′1Dψ¯′′1eXψ
′′
1+ψ¯
′′
1αψ
′′
1+ψ¯
′′
1 Y
= det [α]
ˆ
DηDψ¯′′1e(Xα
−1+ψ¯′′1 )η+ψ¯′′1 Y
= det [α] e−Xα
−1Y
ˆ
DηDψ¯′′1e(ψ¯
′′
1+Xα
−1)(Y+η)
= det [α] e−Xα
−1Y
ˆ
DηDξ¯eξ¯η′
= det [α] e−Xα
−1Y
In the second line, we perform the field transform η = αψ′′1 with Jacobian det [α] and in the forth
line we used η′ = η + Y and ξ¯ = ψ¯′′1 +Xα
−1. Also det [α] will be divided by the contribution the
Pauli-Villars fields and thus the we obtain the s = 2 part⎡⎣J¯nPL
⎛⎝ 0 1
1 0
⎞⎠+ ψ¯′′n,Nsβ0
⎤⎦(−α−1β)ψ′′n,2 + ψ¯′′n,2αψ′′n,2 + ψ¯′′n,2βψ′′n,3. (4.123)
In the same way, we can calculate up to the Ns − 1 part
⎡⎣J¯nPL
⎛⎝ 0 1
1 0
⎞⎠(−α−1β)Ns−1 + PR
⎛⎝ 0 1
1 0
⎞⎠⎤⎦ψ′′n,Ns
+ ψ¯′′n,Ns
[
α0 + β0
(−α−1β)Ns−1]ψ′′n,Ns + ψ¯′′n,Ns
⎛⎝ 0 1
1 0
⎞⎠ Jn. (4.124)
In order to calculate this term, we prepare some quantities
α−1 = a5
⎛⎝ B−1 −B−1C†
0 −1
⎞⎠ , (4.125)
β−1 = a5
⎛⎝ −1 0
B−1C B−1
⎞⎠ , (4.126)
α0α
−1 =
⎛⎝ 1 0
0 0
⎞⎠ =
⎛⎝ 0 1
1 0
⎞⎠PL
⎛⎝ 0 1
1 0
⎞⎠ , (4.127)
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β0β
−1 =
⎛⎝ 0 0
0 1
⎞⎠ =
⎛⎝ 0 1
1 0
⎞⎠PR
⎛⎝ 0 1
1 0
⎞⎠ , (4.128)
also the transfer matrix can be defined as
T = e−a5H =
⎛⎝ B−1 −B−1C†
−CB−1 B + C†B−1C
⎞⎠ . (4.129)
Then we can derive
−βα−1 =
⎛⎝ B−1 −B−1C†
−CB−1 B + C†B−1C
⎞⎠
=
⎛⎝ 0 1
1 0
⎞⎠ γ5ea5Hγ5
⎛⎝ 0 1
1 0
⎞⎠ (4.130)
and then Eq. (4.124) becomes
J¯n
⎡⎣−a5 (PLeN5a5H + PR) γ5
⎛⎝ 0 1
1 0
⎞⎠⎤⎦αψ′′n,Ns
− ψ¯′′n,Ns
⎛⎝ 0 1
1 0
⎞⎠[PL + PReN5a5H] γ5
⎛⎝ 0 1
1 0
⎞⎠αψ′′n,Ns + ψ¯′′n,Ns
⎛⎝ 0 1
1 0
⎞⎠ Jn. (4.131)
Furthermore if one uses η = αψ′′Ns , η¯ = ψ¯
′′
Ns
⎛⎝ 0 1
1 0
⎞⎠ and J ′ =
⎛⎝ 0 1
1 0
⎞⎠ J ,
J¯n
⎡⎣−a5 (PR + PLeN5a5H) γ5
⎛⎝ 0 1
1 0
⎞⎠⎤⎦ ηn
− η¯n
[
PL + PRe
N5a5H
]
γ5
⎛⎝ 0 1
1 0
⎞⎠ ηn + ψ¯′′n,NsJ ′n. (4.132)
After integrating this, we obtain a following partition function
Z = a5a
∑
J¯n
[
PR + PLea5NsH
PL + PRea5NsH
]
Jn, (4.133)
and the propagator
⟨qq¯⟩ = δ
δJ
δ
δJ¯
logZ|J=J¯=0 = a5a
1− γ5tanh
(
a5
Ns
2 H
)
1 + γ5tanh
(
a5
Ns
2 H
) . (4.134)
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Thus the eﬀective operator can be found as
Deﬀ =
1
a
⟨qq¯⟩−1 = 1
a5
1 + γ5tanh
(
a5
Ns
2 H
)
1− γ5tanh
(
a5
Ns
2 H
) . (4.135)
Moreover we obtain a similar eﬀective operator for the Pauli-Villars fields
a4
∑
Q¯
[
Deff +
1
a5
]
Q (4.136)
and thus we finally write down
aDDW =
Deﬀ
Deﬀ +
1
a5
=
1
2
(
1 + γ5tanha5
Ns
2
H
)
. (4.137)
Then DDW asymptotically can be identified with the overlap Dirac-operator aDov at Ns →∞
DDW → Dov = 1
2a
(
1 + γ5
H√
H2
)
, (4.138)
however here H is defined from the transfer matrix H = −lnT/a5. If we think of a limit a5 → 0
T =
⎛⎝ 1 0
0 1
⎞⎠ + a5
⎛⎝ (a2∇µ∇†µ + M0a ) −σµ 12 (∇µ∇†µ)
σ†µ
1
2
(∇µ∇†µ) − (a2∇µ∇†µ + M0a )
⎞⎠+O (a25)
= 1− a5γ5DW (−M0) +O
(
a25
)
, (4.139)
thus asymptotic form of the domain-wall fermion is
lim
a5→0
lim
Ns·a5→0
Doverlap =
1
2a
(
1 + γ5
HW (−M0)√
H2W (−M0)
)
. (4.140)
Then we finally obtained the overlap Dirac-operator as the asymptotic form at Ns →∞. In other
words, the domain-wall fermion approximately satisfies .
4.8 Ward-Takahashi identity for the domain-wall axial vector
current
In the case of the continuum Nf flavor QCD, Ward-Takahashi identity can be written
⟨0|{∂µAµ (x) + 2mP a (x)}O (y) |0⟩+ ⟨0|δaxO (y) |0⟩ = 0, (4.141)
where |0⟩ is a vacuum state , m is a quark mass and
Aaµ (x) = ψ¯ (x) γ5γµτ
aψ (x) , (4.142)
P a (x) = ψ¯ (x) γ5τ
aψ (x) . (4.143)
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Here τa is an element of SU (Nf ) and δax is the infinitesimal local chiral transformation
δaxψ (y) = iδ (x− y) τaγ5ψ (x) , (4.144)
δaxψ¯ (y) = iδ (x− y) ψ¯ (x) τaγ5, (4.145)
also O (y) is an arbitary local operator. We can derive the PCAC (Partially Conserved Axial-vector
Current) relation from the Ward-Takahashi identity
m2π = 2m⟨0|P a (0) |−→0 , π⟩ (4.146)
which describes how the pion mass behaves if the quark mass is turned out to be non-zero. Now
we are interested in the Ward-Takahashi identity when the domain-wall fermion is employed. To
begin with, we consider following transformations for the domain-wall fermion
ψs (x)→ ψ′s (x) = eiθ
a
s τ
a
ψs (x) , (4.147)
ψ¯s (x)→ ψ¯′s (x) = ψ¯s (x) e−iθ
a
s τ
a
, (4.148)
where θas is defined as
θas =
{
−θa for s = 1, 2, · · · , Ns/2
θa for s = Ns/2 + 1, · · · , Ns
. (4.149)
Here s denotes a fifth dimension’s index. Furthermore we can check that this transformation
corresponds to the conventional chiral transformation for the physical quark fields q and q¯ which
are defined as
q (x) = PLψ1 (x) + PRψNs (x) , (4.150)
q¯ (x) = ψ¯1 (x)PR + ψ¯Ns (x)PL. (4.151)
By using this transformation, we obtain the Ward-Takahashi identity for the domain-wall fermion
⟨(∇−µAaµ (x) + 2mfP a (x))O (y) + δaxO (y)⟩ = 2 < Ja5q (x)O (y) >, (4.152)
where ∇−µ f (x) = (f (x)− f (x− µˆ)) /a , P a (x) = q¯ (x) γ5τaq (x) is the pseudo-scalar density and
the axial-vector current is given by
Aaµ (x) =
1
2
∑
s
sgn (s− (Ns + 1) /2)
[
ψ¯s (x+ µˆ) (1 + γµ)U
†
µ (x) τ
aψs (x)− ψ¯s (x) (1− γµ)Uµ (x) τaψs (x+ µˆ)
]
.
(4.153)
The right-hand side of Eq. (4.152) resembles the conventional lattice Ward-Takahashi identity
except for the complexity of Aaµ (x), thus the left-hand side represents violation of the Ward-
Takahashi identity. Ja5 (x) is defined by
Ja5 (x) =
1
2
[
ψ¯Ns/2+1 (x) (1 + γ5) τ
aψNs/2 (x)− ψ¯Ns/2+1 (x) (1− γ5) τaψNs/2+1 (x)
]
(4.154)
At Ns → ∞, ⟨2Ja5O⟩ vanishes for the non-singlet case, but for the singlet case it yields the chiral
anomaly. Therefore we may conclude that the domain-wall fermion reproduce the continuum QCD.
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4.9 Numerical test for the residual mass
As we have seen in the previous section, the domain-wall fermion has the chiral symmetry at
Ns → ∞, but at finite Ns violation of the chiral symmetry may remains. Residual mass is often
used as an indicatory of violation of the Ginsparg-Wilson relation [44, 45]. Residual mass is
defined via the axial Ward-Takahashi identity Eq. (4.152). Close to the continuum limit, the sum
of the second term of left-hand side and the term of the right-hand side must be equivalent to
meﬀ = mf +mres
mf < P
a (x)O (y) > + < Ja5 (x)O (y) >≈ meﬀ < P a (x)O (y) >, (4.155)
with understanding Ja5 ≈ mresP a . Then we may define a following ratio ratio
R (t) =
∑
x,y
< Ja5 (x, t)P
a (y, 0) >∑
x,y
< P a (x, t)P a (y, 0) >
. (4.156)
For t greater than tmin, the ratio should be equivalent to a residual mass mres
mres =
∑
x,y
< Ja5 (x, t)P
a (y, 0) >∑
x,y
< P a (x, t)P a (y, 0) >
∣∣∣∣∣∣∣
t≥tmin
. (4.157)
The residual mass plays a role in an indicator for the explicit chiral symmetry breaking. In order
to maintain small violation of the Ginsparg-Wilson relation, some tests of the residual mass have
been done by the JLQCD collaborations by adjusting the tunable parameters b, c [46]. Firstly they
implemented a test on the 84 lattice with quenched Iwasaki gauge action at β = 2.43. By varying
the parameter b, then search for an optimal choice. Fig. 4.1 shows residual masses measured for
Ls = 6, 8, 12, and 16. We observe that b = 2 − 2.3 is good choice such that the smallest residual
mass is given and the dependence on Ls is not significant for the parameter b. On 163× 32 lattice
with the tree-level Symanzik gauge action and 1/a = 2.5 GeV, following possible variants were
tested
• (b = 1, c = 1) with Nsmr = 0 and M0 = −1.0,
• (b = 1, c = 1) with Nsmr = 0 and M0 = −1.6,
• (b = 1, c = 1) with Nsmr = 3 and M0 = −1.0,
• (b = 2, c = 1) with Nsmr = 0 and M0 = −1.0,
• (b = 2, c = 1) with Nsmr = 0 and M0 = −1.6,
• (b = 2, c = 1) with Nsmr = 3 and M0 = −1.0.
Fig. 4.2 shows the residual masses with various parameters plotted as a function of Ls . Here
the Tanh approximation is employed. We see that the choice of b = 2, c = 1 with Nsmr = 3 and
M0 = −1.0 gives the smallest residual mass. In this context, we did not tune c value, the choice of
c = 1 has been determined from a viewpoint of numerical costs of CG inversions. From JLQCD’s
studies, it was found that choosing c = 1 is few times faster than when c = 0 are chosen.
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Figure 4.1: Residual masses are plotted as a function of b for the some choices of Ls . We observe
that b = 2− 2.3 gives the smallest residual mass.
Figure 4.2: Residual mass for the various choices of generalized domain-wall fermions as a function
of Ls. This figure is reprinted from Ref. [46].
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4.10 O
(
a2
)
-improvement for overlap Dirac operator
An O (a2)-improved Dirac operator has been suggested by Ikeda-Hashimoto [26] and then the usual
Ginsparg-Wilson relation is generalized. Here I review the formulation briefly. According to their
analysis, whole improvement process should be done by two steps: improvement of a kernel and
improvement of the overlap-Dirac operator. They employ the D34 action for the kernel of the
overlap-Dirac operator and also suggest a following improved operator
Dimpc = Dc +
a2
4ρ
D†ovDovDc, (4.158)
where Dov is the standard overlap-Dirac operator and Dc is defined as Dc = Dov
(
1− a2ρDov
)−1
which is a non-local operator. Then Dov satisfies the Ginsparg-Wilson relation {Dov, γ5} =
a
ρDovγ5Dov, where ρ is a kernel mass. D
imp
c has the continuum chiral symmetry {Dimpc , γ5} = 0
and we can construct a local operator by a field rotation
(
1− a2ρDov
)
Dimpov = D
imp
c
(
1− a
2ρ
Dov
)
= Dov +
a2
4ρ2
D†ovD
2
ov. (4.159)
Then Dimpov is more costly than Dov, but the O (a
2) discretization errors is removed. Furthermore
one observes that the improved overlap operator satisfies a generalized Ginsparg-Wilson relation
{Dimpov , γ5} =
a
ρ
Dimpov RD
imp
ov , (4.160)
where R =
(
1 + a4ρ2D
†
ovDov
)−1
. We can understand that the above relation is a alternative
expression of the Ginsparg-Wilson relation in term of Ref. [34]. In Ref. [34], R is taken as
R ∝ 1, but essentially R may be generalized an operator which satisfies [R, γ5] = 0. Then we
can show that R satisfies this relation. In order to check this, first we expand the operator R as
R =
∑
n
cn
(
D†ovDov
)n
for n = 0, 1, 2, · · · . If [(D†ovDov)n , γ5] = 0 is satisfied for any integer n, we
can conclude that [R, γ5] = 0. By using mathematical induction, we are able to prove this relation.
The case of n = 0 is trivial. To prove the case of n = 1 i.e. [D†ovDov, γ5] = 0, we use following
formulas
{AB,C} = A [B,C] + {A,C}B (4.161)
= [C,A]B + A{B,C}, (4.162)
[AB,C] = A{B,C}− {A,C}B. (4.163)
Then we obtain [
D†ovDov, γ5
]
= D†ov{Dov, γ5}− {D†ov, γ5}Dov
= γ5Dovγ5
(
2
a
ρ
Dovγ5Dov
)
− {D†ov, γ5}Dov
= 2
a
ρ
(γ5Dov)
3 − {D†ov, γ5}Dov, (4.164)
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where the Ginsparg-Wilson relation is used in the second line. Here the second term of Eq. (4.164)
can be written as
{D†ov, γ5} = {γ5Dovγ5, γ5}
= γ5Dov [γ5, γ5] + {γ5Dov, γ5}γ5
= ([γ5,γ5]Dov + γ5{Dov, γ5}) γ5
= 2
a
ρ
γ5Dovγ5Dovγ5,
where we used the γ5 hermiticity in the first line. Then we found[
D†ovDov, γ5
]
= 2
a
ρ
(γ5Dov)
3 − 2a
ρ
(γ5Dov)
3
= 0.
If one assumes that
[(
D†ovDov
)k
, γ5
]
= 0, we obtain[(
D†ovDov
)k+1
, γ5
]
=
[(
D†ovDov
)k
D†ovDov, γ5
]
=
(
D†ovDov
)k [
D†ovDov, γ5
]
+
[(
D†ovDov
)k
, γ5
]
D†ovDov
= 0,
where
[(
D†ovDov
)k
, γ5
]
= 0 and
[
D†ovDov, γ5
]
= 0 are used. From mathematical induction, we
finally obtain [R, γ5] = 0. For comparison of the dispersion relation with the standard overlap
operator, please see later chapter.
Chapter 5
Hadron spectroscopy
In this chapter, we discuss how to extract hadron spectroscopy, e.g. hadron mass. Furthermore
various methods have been proposed to obtain better signals so far. We also review such technical
improvements in this chapter.
5.1 Hadron interpolators and correlators
We concentrate on the meson interpolators. First of all, we consider the pions as an example. The
u quark has I = 1/2, Iz = +1/2 and charge Q = 2/3e. The d quark has I = 1/2, Iz = −1/2 and
charge Q = −1/3e. The pions are composed of the u, d quarks. Then we can write down the pion
operators as follows
Mπ+ (n) = d¯ (n) γ5u (n) , (5.1)
Mπ− (n) = u¯ (n) γ5d (n) . (5.2)
These operators corresponds each required quantum numbers. For instance, charge conjugation
for Mπ+ gives Mπ− . Here charge conjugation of mesons are defined through charge conjugation
for quarks
ψ (n)→ C−1ψ¯ (n)T , (5.3)
ψ¯ (n)→ −ψ (n)T C, (5.4)
where C obeys the relation
CγµC
−1 = −γTµ . (5.5)
In a similar way, other meson operators can be constructed from the quark fields. Generally a
meson operator is given by
M (n) = ψ¯(f1) (n)Γψ(f2) (n) . (5.6)
Next we consider two point meson correlators. Then one needs to find a interpolator which generate
the meson state from the vacuum. If we ignore an overall sign factor such operators can be written
as follows
M¯ (m) = ψ¯(f2) (m)Γψ(f1) (m) (5.7)
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also two-point meson correlators is written by using Wick’s theorem
⟨M (n) M¯ (m)⟩ = ⟨ψ¯(f1) (n)Γψ(f2) (n) ψ¯(f2) (m)Γψ(f1) (m)⟩
= −tr [D−1f1 (n,m)ΓD−1f2 (m,n)Γ] , (5.8)
where if Γ = γ5 and f1 = f2, we may use γ5Dγ5 = D†. However in the case of f1 = f2, there
is a disconnected part and it may be significant for precise calculation. Some methods have been
suggested for computing the disconnected part of correlators, e.g. see Ref. [47].
5.2 Extracting hadron mass
Hadron mass is one of interesting observables which have to be calculated from lattice QCD. We
review the calculation of hadron mass in lattice QCD and discuss how to get better signals.
5.2.1 How to extract the hadron mass
We demonstrate how to extract the hadron mass. I start from a two point correlation function of
the form 〈
0|M (−→x , t)M
(−→
0 , 0
)
|0
〉
, (5.9)
where M is a field operator that create or annihilate states. Here we consider a complete set
1 = |0⟩ ⟨0|+
∑
k
ˆ
d3p
(2π)3
|Ek (−→p )⟩ ⟨Ek (−→p )| 1
2Ek (
−→p ) +multi particle states, (5.10)
where |0⟩ is a vacuum state and |Ek (−→p )⟩ is a one-particle state with a momentum −→p and a energy
Ek (
−→p ). Furthermore |Ek (−→p )⟩ is normalized as
⟨Ek (−→p ) |El (−→q )⟩ = 2Ek (−→p ) δk,lδ(3) (p− q) (2π)3 . (5.11)
If one substitutes Eq. (5.10) to Eq. (5.9),
⟨0|M (−→x , t)M
(−→
0 , 0
)
|0⟩ = ⟨0|M (−→x , t) |0⟩ ⟨0|M
(−→
0 , 0
)
|0⟩
+
∑
k
ˆ
d3p
(2π)3
1
2Ek (
−→p ) ⟨0|M (
−→x , t) |Ek (−→p )⟩ ⟨Ek (−→p )|M
(−→
0 , 0
)
|0⟩+ · · ·
= ⟨0| e−ipˆxM
(−→
0 , 0
)
eipˆx |0⟩ ⟨0|M
(−→
0 , 0
)
|0⟩
+
∑
k
ˆ
d3p
(2π)3
1
2Ek (
−→p ) ⟨0| e
−ipˆxM
(−→
0 , 0
)
eipˆx |Ek (−→p )⟩ ⟨Ek (−→p )|M
(−→
0 , 0
)
|0⟩+ · · ·
=
∣∣∣⟨0|M (−→0 , 0) |0⟩∣∣∣2
+
∑
k
ˆ
d3p
(2π)3
1
2Ek (
−→p )e
−Ek(−→p )tei
−→p ·−→x
∣∣∣⟨0|M (−→0 , 0) |Ek (−→p )⟩∣∣∣2 + · · ·
5.2. EXTRACTING HADRON MASS 51
Then we define a connected correlation function as
⟨0|M (−→x , t)M
(−→
0 , 0
)
|0⟩connected = ⟨0|M (−→x , t)M
(−→
0 , 0
)
|0⟩ − ⟨0|M (−→x , t) |0⟩ ⟨0|M
(−→
0 , 0
)
|0⟩
and also if one takes summation over −→x , we obtain a following formula
∑
−→x
⟨0|M (−→x , t)M
(−→
0 , 0
)
|0⟩conneted
=
∑
k
ˆ
d3p
(2π)3
1
2Ek (
−→p )e
−Ek(−→p )t (2π)3 δ(3) (−→p )
∣∣∣⟨0|M (−→0 , 0) |Ek (−→p )⟩∣∣∣2 + · · ·
=
∑
k
1
2mk
e−mkt |Zk|2 + · · ·
=
|Z0|2
2m0
e−m0t
[
1 + e−△mkt
]
where Zk = ⟨0|M
(−→
0 , 0
)
|mk⟩ and △mk = mk − m0. For extracting the ground state of corre-
sponding hadrons, one has to take a large t in order to suppress the excited states contribution
in the factor e−△mkt. If one imposes a periodic boundary condition against the t direction with
0 < t < T , we obtain
⟨0|M (−→x , t)M
(−→
0 , 0
)
|0⟩PBCconnected =
|Z0|2
2m0
e−m0T/2cosh
[
m0
(
t− T
2
)]
+ · · · . (5.12)
5.2.2 Source smearing
The eﬀective mass is often used for a check of validity
meff (t) a = −logCorr(t+ a)
Corr(t)
. (5.13)
Then if the excited states is well-removed, the eﬀective mass takes a constant value which do not
depend t. However taking a large t would be diﬃcult due to a limit of numerical computational
costs. In order to get a clear signal, some optimizations for source are employed. Now we consider
a general form of a meson interpolator as
M (x0) =
∑
x1,x2
F (x0; x1, x2) ψ¯ (x1)Γψ (x2) ,
where F (x0; x1, x2) is a distribution function and Γ is an element of the Cliﬀord algebra. In
the simplest case, we take F (x0; x1, x2) = δ (x1 − x0) δ (x2 − x0) which is called local source or
point source. However a realistic wave function can be obtained from a less trivial function as
F (x0; x1, x2) = Si (x0; x1)Sk (x0; x2)
For instance, Si (x0; x1) may be taken a exponential form
Si (x0; x1) = e
−α|x1−x0|,
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Figure 5.1: Eﬀective masses with the point source and the exponentially smeared source. We
observe that the eﬀective mass become a constant at smaller t than the case of the local source
when the smeared source is employed.
where a parameter α can be tuned for a better signal. In a similar way, Sk (x0; x2) can be taken
some functions. This kind of source is called a smeard source. Here we show eﬀective masses with
the local source and the exponentially smeared source at Fig. 5.1. We observe that the eﬀective
mass become a constant at smaller t than the case of the local source when the smeared source is
employed.
5.3 Link smearing
When we calculate correlation functions one is manly interested in the long distance behavior.
Then one can improved the correlation signal by smearing the gauge field. Here we introduce
the APE smearing [48] and the stout smearing [49] which are employed in our scaling studies on
quenched lattices at Chapter 5. In the smearing process, one typically replaces the original link
variables Uµ (n) by local averaged link variables Vµ (n)
Vµ (n) = (1− α)Uµ (n) + α
6
∑
ν ̸=µ
Cµν (n) , (5.14)
Cµν (n) = Uν (n)Uµ (n + νˆ)Uν (n+ µˆ)
† + Uν (n− νˆ)† Uµ (n− νˆ)Uν (n− νˆ + µˆ) , (5.15)
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Figure 5.2: Sketch of smeared gauge links. The expansion up to first order in the ρµν of the new
link gauge link. ~This figure is quoted from [49].
where α is a real parameter which can be tuned. Then Vµ (n) is not an element of SU(3) and
one needs to project it to SU(3). The projection is usually done by maximizing Retr
[
XVµ (n)
†
]
and using X as new link variable U ′µ (n). This is called the APE smearing. Next we introduce
stout smearing which is similar way with the APE smearing. In this process, the new link variable
U ′µ (n) is defined as
U ′µ (n) = e
iQµ(n)Uµ (n) , (5.16)
where Qµ (n) is a traceless and hermitian matrix and thus eiQµ(n) is an element of SU(3) or generally
SU(N). Here Qµ (n) is defined as
Qµ (n) =
i
2
(
Ωµ (n)
† − Ωµ (n)− 1
3
tr
[
Ωµ (n)
† − Ωµ (n)
])
, (5.17)
Ωµ (n) =
(∑
ν ̸=µ
ρµνCµν
)
Uµ (n)
† , (5.18)
where Cµν is common with the APE smearing and we schematically describe . In order to obtain
the new gauge link variables, we can employ this smearing process (5.16) iteratively with keeping
that the new link variable is an element of SU(3). Usual choices of ρµν are ρµ4 = ρ4µ = 0, ρµν = ρ
.
Such smearing method leads to smooth gauge fluctuations and reducing the radiative correction
for observables [50]. In Ref. [50], radiative corrections for renormalization factors of the fermion
bilinear operator and the four fermi operator can be suppressed by the APE smearing and the
HYP smearing [51]. Note that these processes are gauge covariant procedures and thus we do not
need to fix the gauge.
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5.4 Scale setting
In the lattice formalism all observables are calculated as dimensionless quantities. In order to
introduce the dimension, we have to set the scale. Here we discuss how to set the scale. Then we
can relate the lattice spacing a to the inverse coupling β.
5.4.1 Static quark potential
Firstly we introduce the well-known traditional method to set the scale on the lattice. We can
extract the static quark potential from the Wilson loop and determine the lattice spacing a from
the so-called Sommer scale r0 on the lattice. In physical unit, the Sommer scale is r0 ≃ 0.49fm
[52]. The Wilson loop is defined as
L [U ] = tr
⎡⎣ ∏
(n,µ)∈C
Uµ (n)
⎤⎦ , (5.19)
where C is a closed loop of links on the lattice and it has the asymptotic behavior at large t = ant
L [U ] ∝ exp (−antV (r)) . (5.20)
Then the static QCD potential can be parametrized by
V (r) = A+
B
r
+ σr, (5.21)
where σ is called the sting tension. r0 is determined from
F (r0) r
2
0 = 1.65, (5.22)
where the force between the two static quarks is F (r) = dV (r) /dr. If one uses the parametrized
potential Eq. (5.21), we obtain
F (r) = −B
r2
+ σ, (5.23)
and then Eq. (5.22) implies
r0
a
=
√
1.65 +B
σa2
. (5.24)
Here the dimensionless r0/a can be calculated from lattice calculation. Then the lattice spacing a
is determined through the Sommer scale.
5.4.2 Yang-Mils gradient flow
Wilson flow or Yang-Mils gradient flow has been recently proposed in Ref. [53]. In order to
determine scale on the lattice, we may employ the w0 or the t
1/2
0 in terms of the Wilson flow
instead of the the static quark potential method. w0 is introduced in Ref. [54] in order for high-
precision scale setting. Here we briefly introduce this approach.
In this method, we calculate the Wilson flow by following steps
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Figure 5.3: w0 and t
1/2
0 are plotted as a function of a
2 in both case of staggered fermion computation
and Wilson fermion computation. This figure is reprinted from [54].
·
V t = Z (Vt) Vt, V0 = U (5.25)
where Vt are the gauge links at flow time t and U is the original link variables. In Ref. [53], the
Wilson gauge action is used and Z (Vt) is the derivative of the plaquette action. This steps are
performed up to a scale t and this scale is expressed as t0 which is defined as t2 ⟨E (t)⟩|t=t0 = 0.3.
Here ⟨E (t)⟩ is the expectation value of Gaµν (t)Gaµν (t) with flow time t , where Gaµν (t) is the
lattice chromoelectric field-strength which is defined by the clover term. The BMW collaboration
introduced the w0 scale as an alternative way. They proposed a related following observable
W (t) ≡ t d
dt
{t2⟨E (t)⟩} (5.26)
and defined the w0 scale as
W (t)|t=w20 = 0.3. (5.27)
Then W (t) take a less cutoﬀ eﬀect. We show the lattice spacing dependence of the w0 and t
1/2
0 in
both case of 2HEX smeared Wilson fermion computation and 2-stout smeared staggered fermion
simulations. Here the HEX smearing means the stout smearing based on the HYP smearing [55].
Also in Fig. 5.3, the Wilson flow represent using the derivative of the plaquette gauge action for
Z (Vt) and the Symanzik flow indicate employing the tree-level Symanzik gauge action instead.
We observe that good scaling of w0 and t
1/2
0 against a
2.
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Chapter 6
The Brillouin fermion
The Brillouin fermion was introduced in [19]. As mentioned in introduction, this fermion formalism
was designed to respect the rotational symmetry and produces an excellent energy dispersion
relation on the non-trivial gauge fields as well as on the free gauge fields. On the other hand, it
has Ginsparg-Wilson like eigenvalue spectra and thus the suitability as a kernel of overlap fermions
could be expected as indicated in [19]. There are some similar approaches[20, 21, 22, 56], while
the Brillouin fermion is optimized for both of the continuum dispersion relation and the Ginsparg-
Wilson eigenvalues spectra. From these continuum like characteristic, one could expect that the
Brillouin fermion is promising for heavy quark physics. The action is defined as follows
DBri(n,m) =
∑
µ
γµ∇isoµ (n,m)−
a
2
△bri (n,m) +m0δn,m − cSW
2
∑
µ<ν
σµνFµνδn,m, (6.1)
SF =
∑
n,m
ψnD
Bri (n,m)ψm
where ∇isoµ and △bri have 2 hopping terms, 3 hopping term, and 4 hopping terms as well as usual
1 hopping terms. However many hopping in same direction is forbidden, thus all of hopping is
within a hypercube.
6.1 Overall Smearing Strategy
One can summarize the Brillouin operator on free gauge fields as following formula[19],
DBri (n,m) =
∑
µ
γµρµ (n,m) + λ (n,m) (6.2)
ρµ (n,m) = ρ1 [δn+µˆ,m − δn−µˆ,m] + ρ2
∑
ν
[δn+µˆ+νˆ,m − δn−µˆ+νˆ,m] + ρ3
∑
ν,ρ
[δn+µˆ+νˆ+ρˆ,m − δn−µˆ+νˆ+ρˆ,m]
+ ρ4
∑
ν,ρ,σ
[δn+µˆ+νˆ+ρˆ+σˆ,m − δn−µˆ+νˆ+ρˆ+σˆ,m] (6.3)
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λ (n,m) = λ0δn,m + λ1
∑
µ
[δn+µˆ,m + δn−µˆ,m] + λ2
∑
µ,ν
[δn+µˆ+νˆ,m + δn−µˆ+νˆ,m] + λ3
∑
µ,ν,ρ
[δn+µˆ+νˆ+ρˆ,m + δn−µˆ+νˆ+ρˆ,m]
+ λ4
∑
µ,ν,ρ,σ
[δn+µˆ+νˆ+ρˆ+σˆ,m + δn−µˆ+νˆ+ρˆ+σˆ,m] (6.4)
with (ρ1, ρ2, ρ3, ρ4) =
1
432 (64, 16, 4, 1), (λ0,λ1,λ2,λ3,λ4) =
1
128 (240,−8,−4,−2,−1). Then sum-
mation is taken over µ = ±1,±2,±3,±4. The simplest way of constructing gauge covariant
operator is summing over all shortest paths. It means that one consider oﬀ-axis link variables.
There are following 2-hopping contributions
Vµˆ+νˆ (n) =
1
2
[Uµ (n)Uν (n + µˆ) + Uν (n)Uµ (n+ νˆ)] (6.5)
V−µˆ−νˆ (n) =
1
2
[
U †µ (n− µˆ)U †ν (n− µˆ− νˆ) + U †ν (n− νˆ)U †µ (n− µˆ− νˆ)
]
(6.6)
Vµˆ−νˆ (n) =
1
2
[
Uµ (n)U
†
ν (n + µˆ− νˆ) + U †ν (n− νˆ)Uµ (n− νˆ)
]
(6.7)
V−µˆ+νˆ (n) =
1
2
[
Uν (n)U
†
µ (n+ νˆ − µˆ) + U †µ (n− µˆ)Uν (n− µˆ)
]
(6.8)
with(or without) back projection to SU(3). We schematically show a diagonal link variable at
figure 6.1. Then we have to take a average of all possible paths for corresponding hopping terms.
For 3-hopping terms and 4 hopping terms, there are respectively a following diagonal link variable
Vµˆ+νˆ+ρˆ (n) =
1
3
[Vµˆ+νˆ (n)Uρ (n+ µˆ+ νˆ) + Vµˆ+ρˆ (n)Uν (n + µˆ+ ρˆ) + Vνˆ+ρˆ (n)Uµ (n+ νˆ + ρˆ)] ,
(6.9)
Vµˆ+νˆ+ρˆ+σˆ (n) =
1
4
[ Vµˆ+νˆ+ρˆ (n)Uσ (n+ µˆ+ νˆ + ρˆ) + Vµˆ+νˆ+σˆ (n)Uρ (n+ µˆ+ νˆ + σˆ)
Vµˆ+ρˆ+σˆ (n)Uν (n+ µˆ+ ρˆ+ σˆ) + Vνˆ+ρˆ+σˆ (n)Uµ (n+ νˆ + ρˆ+ σˆ) ] , (6.10)
, where we did not show all of diagonal link variables. Note that the Brillouin fermion has 80
nearest-neighbors, thus 80 diagonal link variables are necessary. Generating diagonal link variables
should be implemented before the CG iteration as a kind of preconditioning with or without
link smearing. This can be done independently with measurements and it might be good to
store these oﬀ-axis link variables before real calculation. Thus one may exclude this cost from
implementation numerical cost of the Brillouin fermion. This method/strategy is called "Overall
Smearing Strategy” which is suggested by original authors.
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Figure 6.1: sketch of a diagonal link variable
6.2 Recursive formula
We also can consider a alternative building method for a covariant form of the Brillouin laplacian
and the isotropic derivative with gauge fields. For the Brillouin laplacian, we can take a following
recursive formulation
a△bri (n,m)ψm = 1
64
∑
µ
D+µ ψ
′′′
n −
15
4
ψn, (6.11)
ψ′′′n ≡ 8ψn +
1
2
∑
ν ̸=µ
D+ν ψ
′′
n, (6.12)
ψ′′n ≡ 4ψn +
1
3
∑
ρ̸=µ,ν
D+ρ ψ
′
n, (6.13)
ψ′n ≡ 2ψn +
1
4
∑
σ ̸=µ,ν,ρ
D+σ ψn, (6.14)
where D±µ is defined by
D±µ ψn = Uµ (n)ψn+µˆ ± U †µ (n− µˆ)ψn−µˆ. (6.15)
Final expressions should be calculated using step by step process. We also write a formula of the
isotropic derivative for the x-direction. To maintain the γ5-hermiticity, we have to take all paths.
In the case of derivative term, the formula becomes slightly complicated form as follows
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∇isox (n,m)ψm =
1
432
(
D−x ξ
′′′
n +
1
2
∑
ν ̸=x
D+ν η
′′′
n
)
(6.16)
ξ′′′n ≡ 64ψn +
1
2
∑
ν ̸=x
D+ν ξ
′′
n (6.17)
ξ′′n ≡ 16ψn +
1
3
∑
ρ̸=x,ν
D+ρ ξ
′
n (6.18)
ξ′n ≡ 4ψn +
1
4
∑
σ ̸=x,ν,ρ
D+σ ψn (6.19)
η′′′n ≡ D−x ξ′′n +
1
3
∑
ρ̸=x,ν
D+ρ η
′′
n (6.20)
η′′n ≡ D−x ξ′n +
1
4
∑
σ ̸=x,ν,ρ
D+σ η
′
n (6.21)
η′n ≡ D−x ψn (6.22)
This formula is exactly consistent with previous one which is shown at the last section. Nu-
merical implementation of this recursive formula is diﬃcult to achieve high-performance, however
sometimes it may be useful for a convenience e.g. for automatic perturbative calculation.
Figure 6.2: standard(left) and Brillouin(right) laplacian in 2d momentum space
6.3 Tree-level analysis for Wilson type fermions
We would like to investigate discretization eﬀects for the Brillouin fermion. First let us review the
free-field dispersion relation for three Dirac operators: the Wilson fermion, the Brillouin fermion
and the D34 action. Here we systematically mention to dispersion relation for later convenience.
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6.3.1 Wilson fermions
First of all , we review the free-field dispersion relation for the Wilson fermion. Dispersion relation
easily can be compared with continuum theory E =
√−→p 2 +m2 , thus one can see discretization
eﬀect via deviation from that. Dispersion relation can be extracted from a fermion propagator. In
this section, we only work at tree-level, however one can easily extend this study to one-loop level
and non-perturbative. A general form of a Dirac operator D could be defined as follows
D (x, y) =
∑
µ
γµρµ (x, y) + λ (x, y) , (6.23)
also we can obtain a propagator of the form
D−1 =
−∑
µ
γµρµ + λ
λ2 −∑
µ
ρ2µ
. (6.24)
In the case of Wilson fermions, these are respectively ρµ (x, y) = ∇stdµ (x, y) and λ (x, y) =
−a2r∆std (x, y) +m where ∇stdµ and ∆std are defined by
∇stdµ (x, y) =
1
2a
(δy,x+aµˆ − δy,x−aµˆ) , (6.25)
∆std (x, y) =
∑
µ
1
a2
(δy,x+aµˆ + δy,x−aµˆ − 2δy,x) . (6.26)
Also the Fourier form of these operator are given by
∇˜stdµ (p) =
i
a
sin (pµa) ≡ iSstdµ (p) (6.27)
∆˜std (p) =
∑
µ
2
a2
(cos (pµa)− 1) (6.28)
These operator can be expanded by a as
Sstdµ (p) = pµ −
1
6
p3µa
2 +O
(
a4
)
(6.29)
△˜std (p) = −p2µ +
1
12
p4µa
2 +O
(
a4
)
(6.30)
At −→p = 0 , we can obtain a following exact solution by using p4 = iE for the Wilson Dirac-operator
Ea = ln (1 +ma) which is a well-known factor m1 as shown at [8]. If one expand the energy up
to (ma)5 , we obtain
(Ea)2(
−→
0 , ma) = (ma)2 − (ma)3 + 11
12
(ma)4 − 5
6
(ma)5 +O ((ma)6) . (6.31)
If spacing momenta are turned out to be non-zero, the above expression will be changed as follows,
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Ea(−→p ,ma)2 = (ma)2 − (ma)3 + 11
12
(ma)4 − 5
6
(ma)5
+ A(ma)
∑
i
(pia)
2 +B(ma)
(∑
i≤j
p2i p
2
ja
4 +
∑
i
(pia)
4
)
(6.32)
A(ma) = 1− 2
3
(ma)2 +
7
6
(ma)3
B(ma) = −2
3
+
ma
2
From the above analysis, we see that discretization errors of the Wilson fermion starts from O (a)
which is mostly improved by the clover term[15] up to a required level. Also we can estimate
the dispersion relation numerically by a solving zero point by the Newton method as shown at
figure 6.3. Here red line denotes the continuum dispersion relation E =
√−→p 2 +m2 and diﬀerent
pattern of dots show solutions for each directions of spacing momentum −→p , where three directions
are chosen:−→p = (1, 1, 1), (1, 1, 0), (1, 0, 0). From the massless dispersion relation, we see that the
dispersion relation deviate from the continuum theory around at −→p a ∼ 0.5. In the case of the
massive dispersion relation, the energy of the Wilson fermion diﬀer from the continuum one even
at −→p a = 0.0 because of Ea = ln(1 + ma). One may shift the energy to the continuum one at−→p a = 0.0 , because constant shift of the energy is not essential for physics. However we do not
tune this problem in our plots to show discretization eﬀects explicitly. In terms of Ref. [8], the
rest mass M1 can be expressed as
(M1a)
2 = (ma)2 − (ma)3 + 11
12
(ma)4 − 5
6
(ma)5, (6.33)
also in fact A (ma) corresponds to the speed-of-light M1/M2 . Then M2 can be obtained
M2a = ma− 1
2
(ma)2 + (ma)3 . (6.34)
6.3.2 Brillouin operator
Now we are ready to discuss discretization eﬀect for the Brillouin fermion. In the case of the
Brillouin operator, the momentum representation of the Dirac operator on the free field is given
by
D˜Bri (p) =
∑
µ
γµ∇˜isoµ (p)−
a
2
△˜bri (p) +m (6.35)
a2△˜bri(p) = 4
(∏
µ
cos2(pµa/2)− 1
)
(6.36)
a∇˜isoµ (p) =
i
27
sin (pµa)
∏
ν ̸=µ
(cos (pνa) + 2) (6.37)
For later convenience, we define
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Figure 6.3: The dispersion relation for the Wilson fermion
Sisoµ (p) =
1
27
sin (pµa)
∏
ν ̸=µ
(cos (pνa) + 2). (6.38)
Thus the dispersion relation can be written by
(
1
2
△˜bri (p)−ma
)2
−
∑
µ
(
∇˜µiso (p)
)2
= 0. (6.39)
Using the Taylor expansion, the energy can be estimated as
Ea
(−→
0 , ma
)2
= (ma)2 − (ma)3 + 11
12
(ma)4 − 5
6
(ma)5 +O ((ma)6) , (6.40)
where we found that the Brillouin fermions has a similar discretization eﬀect as Wilson fermions
at −→p = 0 which gives Ea = ln(1 +ma), because the Brillouin fermion can be identified with the
Wilson fermion at −→p = 0. At non-zero spacing momenta, the energy diﬀer form the Wilson
fermion
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Ea(−→p ,ma)2 = (ma)2 − (ma)3 + 11
12
(ma)4 − 5
6
(ma)5
+ A(ma)
∑
i
(pia)
2 +B(ma)
(∑
i≤j
p2i p
2
ja
4 +
∑
i
(pia)
4
)
(6.41)
A(ma) = 1 +
1
12
(ma)3
B(ma) =
ma
12
The dispersion relation for Wilson fermions and Brillouin fermions is shown at Figure6.4, where
momentum −→p is taken to (1, 1, 1). In the massless case, very continuum-like dispersion relation can
be observed up to pa ≃ 1.5 when the Brillouin fermion is employed. For the massive dispersion
relation, however, a deviation can be observed even at pa = 0 by the Ea = ln(1 + ma). Also
we compare tree-level eigenvalue spectra between the Wilson fermion and the Brillouin fermion at
figure6.5. From this figure, we see that the Brillouin fermion has very Ginsparg-Wilson like property
and can expect a suitability of a kernel as the overlap procedure. Furthermore we estimate M1
and M2 as the last section. Now we are able to identify M1 with the Wilson fermion’s one, but
M2 can be written by
M2a = ma− 1
2
(ma)2 +
1
3
(ma)3 (6.42)
Then we found that the leading eﬀect is suppressed in the speed-of-light M1/M2 = A (ma) for the
Brillouin fermion. This would be an advantage of the Brillouin fermion.
6.3.3 D34 action
Here it might be good to review the D34 action for comparison. The D34 action is suggested by
Eguchi-Kawamoto [25] and Hamber-Wu [24]. This action has third and fourth order derivative
terms, but no second-order Wilson term. The Dirac operator is given as
DD34 =
∑
µ
γµ∇stdµ
(
1− 1
6
a2µ△stdµ
)
+
∑
µ
cµa
3
(△stdµ )2 , (6.43)
where △stdµ are defined as follows,
∆stdµ (x, y) =
1
a2
(δy,x+aµˆ + δy,x−aµˆ − 2δy,x) . (6.44)
Also here we assume isotropic lattices aµ = a for every µ. Note that the D34 action is introduced
without the conventional field rotation which does not aﬀect spectral quantities in terms of on-shell
improvement. On the other hand, an advantage of unisotropic lattices has been discussed at [31].
On the momentum space, these operators are described by following expression,
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Figure 6.4: The dispersion relation of the Brillouin fermion
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Figure 6.5: Eigenvalue spectra for the Wilson fermion and the Brillouin fermion
∇˜stdµ (p) =
i
a
sin (apµ) (6.45)
△˜stdµ (p) =
2
a2
(cos(pµa)− 1) = − 4
a2
sin2
(apµ
2
)
. (6.46)
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, also the improved term can be written as
(
1− 1
6
a2△˜stdµ (p)
)
∇˜stdµ (p) =
i
3
(4− cos (apµ)) sin (apµ) (6.47)
If one take isotropically cµ = cD34, again we obtain the dispersion relation for the D34 action
(
cD34
∑
µ
a3
(
△˜stdµ (p)
)2
+ma
)2
−
∑
µ
(
(1− 1
6
a2△˜stdµ (p))∇˜stdµ (p)
)2
= 0, (6.48)
and the energy is given by
Ea
(−→
0 , ma
)2
= (ma)2 + 2cD34(ma)
5 +O ((ma)6) , (6.49)
and for finite −→p
Ea(−→p ,ma)2 = (ma)2 + 2cD34(ma)5 + A (ma)
∑
i
(pia)
2 +B(ma)
(∑
i≤j
p2i p
2
ja
4 +
∑
i
(pia)
4
)
(6.50)
A(ma) = 1 + 4cD34(ma)
3
B(ma) = 4mcD34
Dispersion relations and eigenvalue spectra of the D34 action at tree-level respectively are shown
in figure6.6 and figure6.7, where we chose cD34 = 1/6. Massive dispersion relation starts from
around E (−→p = 0) = 0.5 which means that some parts of the discretization eﬀect Ea = ln(1+ma)
is restoring. From figure 6.7, we observe that eigenvalue spectra of the D34 action get close to the
imaginary axis which is eigenvalue distributions of the continuum theory. Also the laplacian of the
D34 action is shown at figure 6.8, behavior around the Brillouin zone is similar with the Wilson
fermion, however at low momentum region this figure show O (a2) scaling.
6.4 Improvement for the Brillouin operator
Up to here we have reviewed various schemes via dispersion relation, eigenvalue spectra and in-
vestigated discretization eﬀects for each fermions. Here, we explore the Symanzik improvement
for the Brillouin fermion and discuss discretization eﬀects of improved actions. In general, an
improvement needs higher-order derivative and these terms may generate unphysical poles which
interfere with a physical solution. Let us mention about this problem in a later section.
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Figure 6.6: The dispersion relation of the D34 action
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Figure 6.7: Eigenvalue spectra for the D34 action against the Wilson fermion
6.4.1 Tree-level O
(
a2
)
improvement
We have shown that the Brillouin fermion still has O (a) discretization error. For the O (a) im-
provement based on the Symanzik improvement, the clover term is widely employed with tuning
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Figure 6.8: The laplacian of the D34 action in 2d momentum space
the coeﬃcient cSW at perturbative level or non-perturbative level. Usually perturbative tuning cSW
would be carried out analytically, however the Brillouin fermion is composed of many terms which
include 2 link, 3link and 4link terms. Therefore analytic calculation seem to be intensive, thus it
might be good to utilize an numerical automatic perturbative system. Our studies for perturbative
calculation is on-going. This will be published another paper soon. Here we improve the Brillouin
fermions by eliminating up to its O (a2) discretization eﬀects without the field rotation which is
often used for the improvement. To do that, we think of classical actions on the momentum space
and expand by the lattice spacing a up to needed order.
aSisoµ (p) = pµa−
1
6
(pµa)
∑
µ
(pµa)
2 +O
(
(pa)5
)
a2△˜bri (p) = −
∑
µ
(pµa)
2 +O
(
(pa)4
)
Then if one add higher derivative terms to the action, leading errors can be eliminated from the
action
a∇˜isoµ (p)→
(
1− 1
12
a2△˜bri (p)
)
a∇˜isoµ (p)
(
1− 1
12
a2△˜bri (p)
)
From above analysis we suggest a following improved action
Dimp =
∑
µ
γµ(1− a
2
12
△bri)∇isoµ (1−
a2
12
△bri) + cimpa3(△bri)2, (6.51)
,where we remain a tunable parameter cimp which is similar with the Wilson parameter r in the
Wilson fermion. Note that sandwiching symmetric factor (1 − a212△bri) is introduced to eliminate
the O (a2) errors while keeping the γ5 hermiticity property and a Wilson term which is considered
to suppress the contribution of doublers is a O (a3) term. This improved action resembles the D34
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action, however this action is still keeping an excellent energy dispersion relation and Ginsparg-
Wilson like eigenvalue spectra which are respectively shown at figure6.9 and figure 6.12. By
expanding the energy of Dimp p to O (a5) and taking the space momentum to zero,
(Ea)2 = (ma)2 + 2cimp(ma)
5 (6.52)
We compare discretization eﬀect for every Dirac operators in table6.1. This table show dispersion
relation at finite momenta expanded up to O (a5). The D34 action and the Brillouin fermion are
better than Wilson fermion. Also D34 action is restored O (a) and O (a2) error. The improved
Brillouin operator does not have O (a) and O (a2) error like the the D34 action, however moreover
this action is close to continuum theory up to this order. Note that (pa)0 coeﬃcient is same
between the Wilson fermion and the Brillouin fermion, however there seem to be an advantage in∑
i (pia)
2 and
∑
i (pia)
4+
∑
i<j pipja
4 coeﬃcients. Also we show improved laplacian in Figure6.11.
At near the Brillouin zone, the laplacian is similar with the unimproved version, however near
ap ≃ 0 behavior diﬀer. From eigenvalues spectra, we see that eigenvalue spectra of the improved
Brillouin fermion get close to the imaginary axis.
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Figure 6.9: Dispersion relation of improved Brillouin operator
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Figure 6.10: Comparison via dispersion relations
6.4.2 Reducing the numerical cost
Numerical implementation of the improved action Dimp which is suggested in previous section is
expensive. For feasible simulations, we might think of any cheeper formulation with a similar
scaling, i.e. the dispersion relation. First we consider a following cheeper version of the improved
action
Dimp1 =
∑
µ
γµ(1− 1
12
a2△std)∇isoµ (1−
1
12
a2△std) + cimpa3(△std)2, (6.53)
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Figure 6.12: Comparison eigenvalues
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(pa)0
∑
i (pia)
2 ∑
i (pia)
4 +
∑
i<j pipja
4
Wilson (ma)2 − (ma)3 + 1112 (ma)4 − 56(ma)5 1− 23 (ma)2 + 76(ma)3 −23 + ma2
Brillouin (ma)2 − (ma)3 + 1112 (ma)4 − 56(ma)5 1 + 112(ma)3 ma12
D34 (ma)2 + 2cD34 (ma)
5 1 + 4cD34(ma)3 4cD34ma
Improved Brillouin (ma)2 + 2cimp(ma)5 1 0
Table 6.1: Comparison of the energy expansions among Dirac-operators
where
(△std)2 is employed instead of△bri in eq(6.51). Then we get rid of a suitability as a kernel of
overlap fermions and focus the dispersion relation for heavy quark actions. In figure6.14, we show
eigenvalue spectra which is rather close to the Wilson fermion than the Brillouin fermion, where
cimp = 1/8 is chosen. On the other hand, the dispersion relation is good up to pa ∼ 1.0 as shown
at fig 6.13, however this is rather worse than improved Brillouin operator. It seems convenient to
keep scaling property and reduce numerical const at once. Thus any another approach should be
considered. Then we introduce parameter δ as suggested in[57]
∇isox (δ) =
(
1 + δa2∂2y
)∇stdx .
and optimize this parameter for scaling properties at tree-level, in particular the dispersion relation.
From Kumar’s trick, it is defined as δ = 1/6 which is employed at[19]. In 4-dimension, the
δ-dependent isotropic derivative can be defined as
∇isoµ (δ) = ∇stdµ
∏
i ̸=µ
(
1 + δa2∂2i
)
(6.54)
The Fourier form of the δ-dependent isotropic derivative can be written
∇˜isoµ (δ) = ∇˜stdµ
∏
i
[1 + 2δ (cos (pia)− 1)] = iSisoµ (δ) . (6.55)
By expanding pa up to (pa)3,
Sisoµ (δ) =
(
pµa− 1
6
(pµa)
3 +O
(
(pa)5
))∏
i ̸=µ
[
2δ
(
1− 1
2
(pia)
2 +O
(
(pa)4
))
+ 1− 2δ
]
= pµa+
(
δ − 1
6
)
(pµa)
3 − δ (pµa) pˆ2 +O
(
(pa)5
)
,
where pˆ2 ≡∑
µ
(pµa)
2. Thus an improved action can be written as
aSisoµ (δ)→
(
1− c (δ) a2△˜std
)
aSisoµ (δ)
(
1− c (δ) a2△˜std
)
= pµa +
(
δ − 1
6
)
(pµa)
3 + (2c (δ)− δ) pˆ2 (pµa) +O
(
(pa)5
)
.
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An improvement condition should be imposed as follows so that O (a2) discretization eﬀects are
eliminated
δ =
1
6
, c(δ) =
δ
2
. (6.56)
To tune the parameter δ for optimizing, a new term is needed and we introduce a following term
to improved actions
aSisoµ (δ)→
(
1− c (δ) a2△˜std − d (δ) a2△˜stdµ
)
aSisoµ (δ)
(
1− c (δ) a2△˜std − d (δ) a2△˜stdµ
)
= pµa+
(
δ − 1
6
+ 2d (δ)
)
(pµa)
3 + (2c (δ)− δ) pˆ2 (pµa) +O
(
(pa)5
)
Thus a new improvement condition becomes
c (δ) =
1
2
(
1
6
− δ
)
, d (δ) =
δ
2
, (6.57)
which includes the previous case when δ = 1/6. In other words, we define a following improved
action with above improvement conditions
Dimp2 =
∑
µ
γµ
(
1− a2△impµ
)
a∇isoµ (δ)
(
1− a2△impµ
)
+ cimpa
3(△std)2, (6.58)
where △impµ is defined as
△impµ =
1
12
△stdµ +
δ
2
∑
ν ̸=µ
△stdν . (6.59)
From viewpoint of numerical costs, △impµ is compatible with △std. We may employ this “hy-
brid” improved action without the overlap projection. However we found that tuning of δ is not
significant for dispersion relations. Also we may tune the parameter δ and cimp at one-loop or
non-perturbative level.
6.4.3 The overlap procedure with the Brillouin kernel
For further improved lattice fermion actions, we would like to employ the overlap formulation
with some kernels, because the chiral symmetry suppress O (a2n+1) discretization errors for the
integer n. Also the Brillouin operator might reduce a cost of the projection of overlap procedure
as indicated in [19]. Here we also employ an improved overlap operator which is suggested by
Ikeda-Hashimoto[26] for further improvements which suppress O (a2) discretization errors. We
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Figure 6.13: Dispersion relation of Dimp1
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Figure 6.14: Eigenvalue spectra of Dimp1
consider the dispersion relation of overlap type fermions. The standard massless overlap Dirac
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operator can be defined as follows.
Dov =
1
Ra
[
1 +X
1√
X†X
]
, (6.60)
where X denotes the massless Wilson Dirac operator with a large negative mass. On the momentum
space, the Wilson kernel X (p) can be written as
X (p) = aDw (p)− ρ
= i
∑
µ
γµαµ (p) + β (p) (6.61)
αµ (p) = −i∇˜stdµ (p) , (6.62)
β (p) = −r
2
△˜std (p)− ρ, (6.63)
where ρ means a kernel mass which should be positive. Thus X†X is written as follows,
X†X =
∑
µ
αµ (p)
2 + β (p)2 ≡ ω (p)2 . (6.64)
One can write massless Dirac operator on the momentum space as
Dov (p) =
ρ
ω (p)
(iα/ (p) + ω (p) + β (p)) (6.65)
Here we introduce the eﬀective operator Dc which is anti-commute with γ5.
Dc = Dov
(
1− a
2ρ
Dov
)−1
(6.66)
{Dc, γ5} = 0 (6.67)
ψc =
(
1− a
2ρ
Dov
)
ψ (6.68)
ψ¯c = ψ¯ (6.69)
Then the fermion action is invariant.
SF =
ˆ
d4xd4yψ¯Dovψ =
ˆ
d4xd4yψ¯cDcψc (6.70)
This operator is non-local exactly, however this Dirac operator has a continuum like property. The
massive overlap operator Dov (m) is given by
Dov (m) = (Dc +m)
(
1− a
2ρ
Dov
)
= Dov +m
(
1− a
2ρ
Dov
)
(6.71)
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Thus the massive overlap Dirac operator can be written as
Dov (m) =
1
2ω (p)
[(2ρa−ma) iα/ (p) + 2ρ {ω (p) + β (p)}+ am {ω (p)− β (p)}] (6.72)
Then the dispersion relation of the massive overlap operator is expressed as (6.73).
4 (ρa)2 {ω (p) + β (p)}+ (ma)2 {ω (p)− β (p)} = 0 (6.73)
If one solve the energy at −→p = 0 and expand up to a5, we obtain a following relation
(Ea)2 = (ma)2 +
1
6
(ma)4 , (6.74)
where ρa = 1.0 is chosen. Then we see that O (a2n+1) discretization eﬀects for the integer n
is suppressed in the case of overlap fermions. For finite spacing momentum, we calculate the
dispersion relation numerically in the massive case and the massless case at ρa = 1.0 for overlap
type fermions. For the overlap fermions of Brillouin kernel , we choose
αµ (p) = −i∇˜isoµ (p) , (6.75)
β (p) = −r
2
△˜bri (p)− ρ. (6.76)
In this case, the energy at tree-level at −→p = 0 is completely same with standard overlap fermions,
even though the value diﬀer from the standard overlap fermion when finite −→p are taken. For finite−→p , the dispersion relation of the overlap operator of Brillouin kernel can be shown as follows. For
O (a2) improvement of the overlap fermion, one may think that we can employ improved action
as a kernel of the action, however actually it is not straightforward as mentioned in [26]. Let us
show discretization eﬀects for the standard overlap fermion with improved Brillouin kernel. For
the improved kernel,
αµ (p) = −i(1− a
2
12
△˜bri (p))∇˜isoµ (p) (1−
a2
12
△˜bri (p)), (6.77)
β (p) = cimp
(
△˜bri (p)
)2 − ρ, (6.78)
are chosen and the energy solution can be shown as
(Ea)2 = (ma)2 − 1
2
(ma)4 , (6.79)
which still has an O(a2) discretization error which comes from the leading term of αµ (p) in the
ω (p). Then we may advance a subsequent step on O (a2) improvement as proposed in [26] which
will be discussed in next section. Here we compare the dispersion relation of the overlap operator of
Wilson kernel and Brillouin kernel with the Wilson fermion and the Brillouin fermion at figure6.17,
where we chose a spacing momentum proportional to (1, 1, 1). From figure6.17, one observe that
the overlap operator with Brillouin kernel has a continuum like property more than the Brillouin
operator, particularly at the massive case. We can think that this continuum like property is
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due to the chiral symmetry which can suppress O (a) discretization eﬀects. Also we find that
the standard overlap fermion remove such as discretization errors which can be shown at low
momentum −→p region. However the dispersion relation of the standard overlap fermion deviate
from the continuum theory around at pa ∼ 0.5 as the Wilson fermion. Here we see that overlap
fermion can be employed to reduce discretization eﬀects, especially the Brillouin overlap fermion
has an excellent dispersion relation.
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Figure 6.15: Dispersion relations of the overlap Dirac operator with Wilson kernel
6.5 O (a2) improvement for the overlap-type fermion
We have shown discretization eﬀects for the overlap fermion of the Brillouin kernel. If one improves
O (a2) discretization errors within the overlap formulation, we obtain a highly improved action of
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Figure 6.16: Dispersion relations of Brillouin overlap operator
which discretization eﬀects start from O (a4). For the purpose, following O(a2)-improved overlap-
Dirac operator have been suggested by using the eﬀective operator Dc in [26]
Dimpc = Dc +
a2
4ρ
D†ovDovDc, (6.80)
which has been discussed in chapter 5. This operator has a continuum like chiral symmetry as
(6.68){Dimpc , γ5} = 0 and the massive improved overlap is defined as
Dimpov (m) =
(
Dimpc +m
)(
1− a
2ρ
Dov
)
= m+
(
1− am
2ρ
)
Dov +
a2
2ρ
D†ovD
2
ov. (6.81)
Again, in terms of αµ (p) , β (p) ,ω (p), the operator can be written as
aDimpov (m) =
1
2ω (p)2
[{ρ (3ω (p) + β (p))− amω (p)} iα/ (p)
+ {ρ (3ω (p) + β (p)) (ω (p) + β (p)) + amω (p) (ω (p)− β (p))}], (6.82)
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Figure 6.17: Comparison of dispersion relations for various type Dirac operators. (Wilson, Bril-
louin, standard overlap, Brillouin overlap)
and also the dispersion relation of improved overlap operator can be shown
ρ2 {3ω (p) + β (p)}2 {ω (p) + β (p)}+ a2m2ω (p)2 {ω (p)− β (p)} = 0. (6.83)
We calculate the dispersion relation for improved Dirac operator which kernel is improved Brillouin
operator numerically the same way with previous section as shown at figure (6.18). From this figure,
we see that the dispersion relation for the action is very continuum like up a−→p ∼ 1.5 in both of case
of massless and massive. We can expect that this action has O (a4) scaling at tree-level because
of our improvement and the chiral symmetry: O
(
αs (am)
2 , (am)4
)
. In actual, if one the expand
energy up to O (a5), we obtain at a−→p = 0
(Ea)2 = (ma)2 +O
(
a6
)
. (6.84)
Expansions of the energy for various Dirac operators are summarized at table (6.2). Finally we
compare various Dirac operators via the dispersion relation at figure(6.19): Wilson, Brillouin,
improved Brillouin, standard overlap, Brillouin overlap, improved overlap operator with improved
Brillouin kernel. However diﬀerences between diﬀerent Dirac operator are invisible in this scale.
Figure6.20 is magnified figure of figure6.19(ma = 0.5case). From these comparison, we conclude
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that a most improved action is improved overlap fermions with improved Brillouin kernel which is
O (a2)-improved at tree-level. Note that in general the overlap procedure is expensive for feasible
lattice calculation, thus we do not extend our studies of the overlap action with some kernels for
one-loop and non-perturbative calculation. Also one may employ the domain-wall fermion instead
of the overlap fermion as improvement. If one reduce the residual mass suﬃciently, remaining
O (a) discretization eﬀect can be neglected. Note that the Brillouin kernel may be able to reduce
cost of the overlap procedure, because eigenvalue of the Dirac operator is very close to the overlap
Dirac operator’s one.
overlap type kernel type E2(⃗0, m) (ρ=1.0)
standard wilson m2 + m
4
6 +O (a
4)
standard Brillouin m2 + m
4
6 +O (a
4)
standard improved Brillouin m2 − 12m4 +O (a4)
improved improved Brillouin m2 +O (a4)
Table 6.2: The energy of various overlap type fermions
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Figure 6.18: Dispersion relations for the improved overlap operator of the improved Brillouin kernel
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Figure 6.19: Dispersion relations for various Dirac operators
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Figure 6.20: a magnified figure of the figure6.19
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Chapter 7
Scaling studies on the quenched
configurations
In previous section, we have explored various possibilities of Symanzik improvements for the Bril-
louin fermion. Here we concentrate on the improved action Eq. (6.51) and demonstrate non-
perturbative scaling studies of it against existing other formulations on the quenched configura-
tions. We are interested in scaling of heavy-heavy or heavy-light quantities as a function of lattice
spacing. Here we focus on heavy-heavy quantities: speed-of-light, hyperfine splitting and decay
constant.
7.1 Simulation details
We carry out scaling studies on quenched configurations. Quenched ensembles are generated by the
Southampton group[58]. We employ the tree-level Symanzik gauge action [32, 33] and the improved
Brillouin fermion action Eq. (6.51). Here for the tunable parameter of the improved action
cimp = 1/8 is chosen. Physical length of all lattices is kept fixed to L ≈ 1.6fm to avoid diﬀerent
finite volume eﬀects. For comparison of fermion actions, we also employ the naive Wilson fermion
and the generalized Domain-wall fermion which respectively have O (a) and O (a2) discretization
errors.
For the domain-wall fermion, the JLQCD collaboration has investigated a parameter set which
give mres = 0.1− 0.5[MeV ] :b = 2, c = 1 for the Moebius kernel with the stout smearing Nsmr = 3
[59, 60, 46]. In this scaling study, length of the fifth dimension Ls = 8 and domain-wall height
M0 = −1 are chosen. We expect that good chiral symmetry guarantees small O (a) discretization
eﬀect. Computational code is implemented on the Iroiro++ package[61].
For comparison among diﬀerent Dirac operators, we tune quarks masses so that the pseudo-
scalar meson mass become mps = 1.0, 1.5, 2.0, 2.5, 3.0 and 3.5 [GeV]. Table. 7.2 shows parameters
used in this simulations. To be specific, after roughly tuning quark masses we have interpolated to
aimed meson mass scale as function of the bare quark mass. In order to reduce uncertainty about
interpolation, we have connected linearly between nearest two mass points. Source function is set
to the smeared source e−α|x−y| of which a parameter α can be tuned for every masses and scales.
For all measurements we calculate heavy-heavy meson correlators with 4 diﬀerent source points in
time direction.
Here we show eﬀective masses for every Dirac operators at Figs. 9.1-9.45. Lines show fitted
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L/a β NHB Nsep a−1 [GeV]
16 4.41 10000 100 2.0(07)
24 4.66 20000 200 2.81(09)
32 4.89 60000 500 3.80(12)
Table 7.1: Quenched configurations
values and fit-ranges in Figs. 9.1-9.36. On the other hand, filed dots represents fit-ranges in Figs.
9.37-9.45 and eﬀective masses for ⟨AA⟩, ⟨AP ⟩ and ⟨PP ⟩ are plotted simultaneously in these figures.
For more details, please see the later section. Also we note that eﬀective masses of the improved
Brillouin operator behave diﬀerently compared with others at small time slices. It is interpreted
that this shape is an eﬀect of additional doublers which may interfere the physical pole. As we
see in later chapter, the improved action has the unphysical poles in the time direction and it may
appear at small t regions. However in eﬀective mass plots there seem to be not serious problems
at large time slices which is used for extracting the energy.
7.2 Scale setting
In this section, we mention to our scale setting. Lattice spacing is determined through w0 in
terms of the Yang-Mils gradient flow [54, 53]. Here we use the Wilson flow and employ the value
w0 = 0.1755(18)(04) fm [54], but this w0 value has been estimated in Nf = 2 + 1 simulations.
Thus here we did not take into account a systematic eﬀect due to the quenching. Evolution of the
w0 on each lattices are plotted in Figs 7.1, 7.2 and 7.3. Furthermore we have computed t
1/2
0 in
terms of the Wilson flow. Bottom of Fig. 7.7 describes scaling of ratio t1/20 /w0 against a/w0. Here
we observe good scaling of the ratios, which means that the choice of t1/20 or w0 is not substantial
for scale setting in current configurations. In addition, we have double-checked from the Sommer
scale r0 by calculating the static quark potential which are shown Figs. 7.4, 7.5 and 7.6. In this
calculation, we have applied 10-20 times smearing which is introduced in Ref. [62] to suppress
the UV fluctuations and computed the Wilson loops in various directions which is expressed as
diﬀerent symbols in Figs.7.4-7.6. We summarize our measurement of w0/a, t0/a2 and r0/a for all
three lattices at Table. 7.3. Moreover we display scaling of ratio for r0 and w0 or t
1/2
0 at top of
Fig. 7.7. From this scaling, very mild dependence is observed both of r0/t
1/2
0 and r0/w0 . Note
that we finally chose the values of lattice spacing which are determined from the w0.
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m1S [GeV ] Dirac ops L/a = 16 L/a = 24 L/a = 32
ma αsmr ma αsmr ma αsmr
Wilson 1.038 1.12 0.4946 0.2929
3.5 Improved Brillouin 0.6675 1.12 0.4517 0.56 0.316 0.4
Domain-wall 0.728 0.38 0.495 0.3446
Wilson 0.69 0.35 0.2
3.0 Improved Brillouin 0.55 1.0 0.36 0.5 0.25 0.37
Domain-wall 0.6 0.398 0.2785
Wilson 0.45 0.2102 0.1105
2.5 Improved Brillouin 0.416 0.84 0.268 0.45 0.184 0.3
Domain-wall 0.465 0.303 0.2115
Wilson 0.2125 0.1 0.0267
2.0 Improved Brillouin 0.2808 0.8 0.1705 0.4 0.119 0.25
Domain-wall 0.3305 0.2154 0.149
Wilson 0.0361 -0.0197 -0.061
1.5 Improved Brillouin 0.1428 0.7 0.0789 0.35 0.059 0.15
Domain-wall 0.191 0.1264 0.0765
Wilson -0.1554 -0.1447 -0.1180
1.0 Improved Brillouin 0.0182 0.63 -0.0157 0.3 -0.0036 0.12
Domain-wall 0.0555 0.0408 0.012
Table 7.2: Parameters: αsmr is a smearing parameter of e−αsmrr, ma denotes a bare quark mass
which is not taken into account critical quark mass. Here ma of Wilson-type Dirac operator may
take the minus value.
L/a β w0/a t0/a2 r0/a
16 4.41 1.767(3) 3.099(16) 5.12(10)(5)
24 4.66 2.499(8) 6.050(26) 7.16(36)(5)
32 4.89 3.374(11) 10.948(37) 9.46(23)(5)
Table 7.3: w0/a, t0/a2 and r0/a for all three lattices.
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Figure 7.1: The evolution of the Wilson flow parameter w0 for each configurations at L/a = 16
lattice.
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Figure 7.2: The evolution of the Wilson flow parameter w0 at L/a = 24 lattice.
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Figure 7.3: The evolution of the Wilson flow parameter w0 at L/a = 32 lattice.
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Figure 7.4: The static quark potential at L/a = 16 lattice.
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Figure 7.5: The static quark potential at L/a = 24 lattice.
7.3 Speed-of-light
Speed-of-light is defined as
c2eff (p) =
E2 (−→p )−E2
(−→
0
)
−→p 2 (7.1)
which should be unity in continuum theory. This is one of interested quantities at heavy quark
region to see discretization eﬀect. In actual, the speed-of-light is almost equivalent to the dispersion
relation. In previous section, we have investigated various dispersion relations for quark. Here we
measure the dispersion relation(or the speed-of-light) for mesons. For our purpose, one calculate
two point correlation functions for various momenta as
C (t,−→p ) =
∑
−→x
〈
M (−→x , t)M
(−→
0 , 0
)〉
ei
−→p −→x . (7.2)
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Figure 7.6: The static quark potential at L/a = 32 lattice.
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meson(orbit) JPC operator mass[GeV](experiment)
ηc(1S) 0−+ ψcγ5ψc 2.980(1)
J/ψ(1S) 1−− ψcγiψc 3.097(0)
χc0(1P ) 0++ ψcψc 3.415(0)
χc1(1P ) 1++ ψcγiγ5ψc 3.511(0)
hc(1P ) 1+− ψcγiγjψc 3.525(0)
Table 7.4: charmonium
Here the meson operator M (−→x , t) can be taken operators as shown at table7.4. If we take into
account to summation over momenta pi = · · · ,−2,−1, 0, 1, 2, · · · , we can write down as follows
C (t,−→p ) =
∑
−→x
cos (p1x1) cos (p2x2) cos (p3x3) ⟨M (−→x , t)M
(−→
0 , 0
)
⟩. (7.3)
The table shows operators and corresponding charmonium with experimental values. In this
studies, we assume that quark masses are degenerated. We are able to obtain the energy from
the exponential tail of Euclidean correlators and extract eﬀective speed-of-light of the form (7.1).
At the coarsest lattice, the speed-of-light is estimated as Fig. 7.8, where left panel is a results of
mps = 1.5GeV and right one denotes mps = 3.0GeV . Also at both of figure, red dots correspond
to data based on the Wilson fermion, blue dots are the domain-wall fermion and magenta shows
the improved Brillouin fermion. From this figure, we see that the improved Brillouin is very close
to the unity, though the Wilson fermion and the domain-wall fermion are quite far from the unity,
especially at mps = 3.0[GeV ]. It is a typical advantage of the Brillouin fermion. We show scaling
of speed-of-light in Fig.7.9 for mps = 3.0GeV and three momenta |p|2 (L/2π)2 = 1, 2, 3 against
a[fm]. Then very mild dependence against lattice spacing is observed when the improved action
is employed. Here let us estimate scaling properties by fitting the data with some ansatz. The
results are summarized in Tables. 7.5 ,7.6 and 7.7. For the Wilson fermion, we use the ansatz
f (a) = 1 + c1a + c2a2 , whereas f (a) = 1 + c2a2 + c3a4 is employed for the domain-wall fermion.
The improved action has O (αsa) and O (αsa2) eﬀect, thus we should adopt f (a) = 1+ c1a+ c2a2
. However this choice leads unreasonably large coeﬃcient. Therefore here we adopt an arbitary
choice f (a) = 1+ c2a2+ c3a3. Note that our fittings are not so systematic way and thus we do not
have a strong opinion about these scaling ansatz. It may be chosen by an alternative function. To
end this, we may increase lattice spacing data points and try to fit as various functions. However
we do not attempt to do such thing for the moment. If we assume that above fitting functions we
see that the c2 coeﬃcient of the improved action is smaller than other formalisms. Therefore here
we conservatively conclude that scaling of the improved action is good.
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Figure 7.8: The speed-of-light with a−1 = 1.973GeV
Dirac operators c1 c2 c3 c4
Wilson 0.005 -1.0 - -
improved Brillouin - 0.4 -0.8 -
domain-wall - -1.0 - -0.7
Table 7.5: Fitting results for the data of speed-of-light at |p|2(L/2π)2 = 1, where the used ansatz
is f(a) = 1 + c1a + c2a2 for the Wilson fermion, f(a) = 1 + c2a2 + c3a3 for the improved action
and f(a) = 1 + c2a2 + c4a4 for the domain-wall fermion. Then χ2/d.o.f = 0.003.
7.4 Hyperfine splitting
Hyperfine splitting mV −mPS is also an interesting quantity for heavy quarks and has been inves-
tigated on various lattice actions. As is well-known (e.g. see[63, 64]), the charmonium hyperfine
splitting strongly depends on the choice of Dirac operator. It means that the hyperfine splitting
is very sensitive to the discretization error. We show our results for scaling of hyperfine splitting
in Figs. 7.10-7.13.
From these figures, scaling of the improved action seems mild against lattice spacings. Here
again let estimate scaling via fitting with continuum ansatz. Here we use the f (a) = 1+ c1a+ c2a2
for the Wilson fermion and f (a) = 1+ c2a2 + c4a4 for the domain-wall fermion. For the improved
action, we adopt f (a) = 1 + c1a + c2a2. If one assumes that these ansatz, we obtain the smaller
c1 and c2 of the improved action than other formalisms at mPS = 3.0 GeV which indicates good
scaling of the action. The results of fitting are shown in Table.7.8. Other results of fitting almost
agree with this statement, though some results disagree, e.g. the c2 coeﬃcient of the improved
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Figure 7.9: Scaling of speed-of-light against a2
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Dirac operators c1 c2 c3 c4
Wilson 0.03 -1.0 - -
improved Brillouin - 0.4 -0.8 -
domain-wall - -1.0 - -0.8
Table 7.6: Fitting results for the data of speed-of-light at |p|2(L/2π)2 = 2, where the used ansatz
is f(a) = 1 + c1a + c2a2 for the Wilson fermion, f(a) = 1 + c2a2 + c3a3 for the improved action
and f(a) = 1 + c2a2 + c4a4 for the domain-wall fermion. Then χ2/d.o.f = 0.02.
Dirac operators c1 c2 c3 c4
Wilson 0.01 -1.0 - -
improved Brillouin - 0.5 -0.9 -
domain-wall - -1.0 - -0.7
Table 7.7: Fitting results for the data of speed-of-light at |p|2(L/2π)2 = 3, where the used ansatz
is f(a) = 1 + c1a + c2a2 for the Wilson fermion, f(a) = 1 + c2a2 + c3a3 for the improved action
and f(a) = 1 + c2a2 + c4a4 for the domain-wall fermion. Then χ2/d.o.f = 0.09.
action at mPS = 2.0 is not smaller than the domain-wall. However here we did not estimate
statistical or systematic errors for fitting and thus we may say that this is compatible. Therefore
here again we conclude that scaling of the improved action is excellent.
7.5 Decay constant
Furthermore we are interested in decay constant, since it is significant for determination of the
CKM matrix elements. For decay constant studies, one has to calculate the renormalization
constant Z such that f M¯SPS = Zf
lat
PS . In order to avoid determining the renormalization factor, we
consider a ratio of the decay constant R as
R =
√
mPSfPS√
mreffref
(7.4)
from the amplitude of ⟨A4 (x)A4 (0)⟩ ,⟨P (x)P (0)⟩ and ⟨A4 (x)P (0)⟩ with a local source and a
local sink, where A4 = ψ¯γ4γ5ψ . In other words, we fit these correlators simultaneously by following
functions respectively
C local−localAA (t) =
(
Z localA
)2
2m
(
e−mt + e−m(Nt−t)
)
, (7.5)
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Figure 7.10: Scaling for the hyperfine splitting against a2 at mPS = 1.5 GeV
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Figure 7.11: Scaling for the hyperfine splitting against a2 at mPS = 2.0 GeV
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Figure 7.12: Scaling for the hyperfine splitting against a2 at mPS = 2.5 GeV
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Figure 7.13: Scaling for the hyperfine splitting against a2 at mPS = 3.0 GeV
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Dirac-operator c1 c2 c3 c4 c0
mPS = 1.5 GeV χ2/d.o.f = 1.1
Wilson -0.2 0.05 - -
0.153improved Brillouin 0.007 -0.07 - -
domain-wall - -0.08 - -0.4
mPS = 2.0 GeV χ2/d.o.f = 0.1
Wilson -0.2 0.1 - -
0.112improved Brillouin -0.008 -0.07 - -
domain-wall - -0.01 - -0.2
mPS = 2.5 GeV χ2/d.o.f = 1.7
Wilson -0.2 0.2 - -
0.094improved Brillouin -0.06 0.02 - -
domain-wall - -0.1 - -0.07
mPS = 3.0 GeV χ2/d.o.f = 0.05
Wilson -0.2 0.2 - -
0.076improved Brillouin -0.06 0.07 - -
domain-wall - -0.1 - -0.2
Table 7.8: Fitting results for the data of the hyperfine splitting, where the used ansatz is f(a) =
1 + c1a+ c2a2 for the Wilson fermion and the improved action and f(a) = 1 + c2a2 + c4a4 for the
domain-wall fermion.
C local−localAP (t) =
Z localA Z
local
P
2m
(
e−mt + e−m(Nt−t)
)
, (7.6)
C local−localPP (t) =
(
Z localP
)2
2m
(
e−mt + e−m(Nt−t)
)
. (7.7)
We illustrate scaling of the decay constant ration at Figs. 7.14,7.15,7.16 and 7.17 and also attempt
to fit all data simultaneously by R (a) = c0 + c1a + c2a2 , however for the domain-wall fermion
R (a) = c0 + c2a2 + c4a4 is employed. The results are shown in Table 7.9. Here one observes that
the coeﬃcient c1 for the improved action is slightly smaller than Wilson’s c1 in particular at heavy
mass regions, but c2 of the improved action is compatible with c2 of the Wilson fermion. Then
we may conclude that αsa and αsa2 are not small contributions for the improved action and thus
one may advance one-loop or non-perturbative level improvement. However our fittings are not
so reliable, because we did not estimate errors and did not take into account correlations between
data. Also for the decay constant we did not estimate systematic errors for choosing fit-ranges,
7.5. DECAY CONSTANT 99
 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 1.4
 1.6
 0  0.1  0.2  0.3  0.4  0.5  0.6
R(
a)
a[GeV-1]
mPS=1.5[GeV]
Wilson
ImpBri
Domain-wall
Figure 7.14: Scaling of the decay constant ratio against a at mPS = 1.5 GeV.
though it has been done for the both of speed-of-lights and hyperfine splitting. Furthermore as
we discuss in later chapter, the improved action has unphysical temporal doublers, thus it may
corrupt the physical poles. Then for instance, we may discard data of the coarsest lattice. Also
it may be a good idea to calculate more finer lattice and then we may are able to reveal whether
its scaling is correct. For discussion of the unphysical poles of the improved action, please see the
last chapter.
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Figure 7.15: Scaling of the decay constant ratio against a at mPS = 2.0 GeV.
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Figure 7.16: Scaling of the decay constant ratio against a at mPS = 2.5 GeV.
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Figure 7.17: Scaling of the decay constant ratio against a at mPS = 3.0 GeV.
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Dirac operators c1 c2 c3 c4 c0
mPS = 1.5 GeV χ2/d.o.f = 1.9
Wilson -0.7 0.9 - -
1.6improved Brillouin -0.6 0.8 - -
domain-wall - -1.4 - 4.1
mPS = 2.0 GeV χ2/d.o.f = 0.7
Wilson -2.3 2.4 - -
2.3improved Brillouin -1.9 2.6 - -
domain-wall - -4.6 - 13.1
mPS = 2.5 GeV χ2/d.o.f = 0.7
Wilson -3.5 3.1 - -
2.9improved Brillouin -2.7 3.7 - -
domain-wall - -6.0 - 16.8
mPS = 3.0 GeV χ2/d.o.f = 0.9
Wilson -4.8 4.2 - -
3.5improved Brillouin -3.5 5.3 - -
domain-wall - -7.5 - 19.7
Table 7.9: Fitting results for the data of the decay constant, where the used ansatz is R(a) =
1 + c1a+ c2a2 for the Wilson fermion and the improved action and R(a) = 1 + c2a2 + c4a4 for the
domain-wall fermion.
Chapter 8
Non-perturbative study for the Brillouin
fermion
In this section, we discuss some non-perturbative properties for the Brillouin fermion and its
improved version. For this analysis, we also use the coarsest quenched configuration in Table. 7.3.
8.1 Numerical cost of the Brillouin-type Dirac operator
We naively estimate computational costs of Brillouin Dirac-operator compared with the Wilson
fermion and the domain-wall fermion. Here we employ the CG solver for solving a quark prop-
agator. Numerical tests are implemented at a 32node in BlueGene/Q with task_per_node = 16
and stopping condition is set to ∥r∥2 ∼ 1.0E−22 , where r is the residual vector. Also the meson
mass is roughly tuned around mPS = 3.0 GeV. Here the Brillouin Dirac-operator is constructed
from the two diﬀerent ways (Rec, OSS) which have been introduced in Chapter 6. "Rec" means
using the reclusive formula for the Brillouin Dirac-operator and "OSS" represents an implemen-
tation by using the overall smearing strategy. "OSS" can exclude the cost of generating diagonal
link variable, thus it is faster than constructing of the Brillouin Dirac-operator using the recursive
formula. It is found that the Brillouin fermion is the 4-5 times costlier than the Wilson fermion,
though Dirac application is about 100 times costly. Our improved action is only about 10 times of
the Wilson fermion. In addition, we display a history of the squared residual vector at every CG
iteration steps in Fig. 8.2. Then we observe that convergence of CG iteration is significantly faster
than the Wilson fermion when the Brillouin-type fermion is employed. It would be an advantage
of the Brillouin-type fermion and this will be explained from Dirac eigenvalue spectra in the next
section.
8.2 Dirac eigenvalue spectra
We calculate eigenvalue spectra on the quenched gauge configuration. Here, we calculate eigen-
values of the D†D for three kind of Dirac-operator D. Just 10 configurations are used in this
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Figure 8.1: Comparison of numerical cost via CG solver
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Figure 8.2: A history of squared residual vector at CG iteration steps.
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Figure 8.3: A highest eigenvalue and 10 lowest eigenvalues of D†D for three Dirac operators on
quenched configurations are plotted. Diﬀerent colors represent diﬀerent Dirac-operators. Here we
used coarsest lattice. We roughly tuned for mPS = 3.0 GeV. Note that diﬀerences of 10 lowest
eigenvalues are invisible.
calculation with 3 times stout smearing. We show the highest eigenvalue and 10 lowest eigenvalues
in Fig. 8.3. Diﬀerent colors represent diﬀerent Dirac-operators and quark masses are roughly
adjusted for the mPS = 3.0 GeV. Here we observe that ratio between the highest and the lowest
modes of eigenvalues are significantly reduced when the Brillouin-type Dirac-operator is employed.
Then we are able to explain the thing of the previous section. The condition number of the CG
solver is typically given by the ratio between a highest mode and a lowest mode of Dirac eigenval-
ues. Then we see that the eigenvalue distribution significantly aﬀects the convenience of the CG
solver. We note that diﬀerences of the lowest modes among Dirac-operators comes from diﬀerences
of the additive mass renormalization.
8.3 Large mass behavior of the improved action
Higher derivative terms give rise to some unphysical poles which are discussed in Ref. [31]. Also
they show that such ghosts can be pushed up on the anisotropic lattices. If ghost’s mass is very
large, it would be harmless. However if it gets close to a physical pole, ghosts might interrupt the
real pole. Also it was found that the physical energy solution become a complex value at large
mass region. From our tree-level analysis, this threshold is almost ma ∼ 0.84 for the improved
Brillouin fermion. Then we found a oscillation of the Euclidian propagator on non-trivial gauge
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Figure 8.4: This figure shows oscillations of pseudo-scalar meson propagators on the quenched
configuration. Every color lines corresponds to diﬀerent quark masses.
configurations as shown at Figure8.4. Fortunately a coeﬃcient cimp can be chosen freely like the
Wilson parameter in the Wilson fermion action. For instance, if we set cimp = 0.0625, the tree-level
threshold can be pushed up to ma ∼ 0.97. Simultaneously risk of unphysical pole might be able to
avoided by tuning the parameter. From analogy of the improved Brillouin action, we also found
a similar phenomenon even for the D34 action by tree-level analysis at ma ∼ 0.77, even though
we have not checked at non-perturbative studies in this case. We note that the Oktay-Kronfeld
action[11] might have such as problem, because it contains operators of dimensions 6 and 7. These
phenomena are related to a hopping in time direction. Thus if one consider improvement which
gives higher derivative terms, one would encounter this kind of problem. However in the case of the
standard Brillouin fermions, there should be not such as problem, because the standard Brillouin
fermion has only 1hopping term in same direction. In actual, this problem was not found from
our tree-level analysis for the standard Brillouin fermion. These phenomena indicate that there
might be not the reflection positivity which has been not yet proved rigorously for this kinds of
improved action. However in practice, we may employ the improved actions which have higher
order terms on a certain level of fine lattices. Furthermore, if we take into account to unphysical
poles, we should not employ the our improved action in ma ≥ 0.5 − 0.6. That is, we have to
carefully check eﬀect of the unphysical poles, especially for improved actions which include higher
dimension terms.
Chapter 9
Summary and prospects
In this thesis, we firstly review formulation of the lattice gauge theory and Symanzik improvement.
Next we have focused on the Brillouin fermion which has an excellent dispersion relation and have
analyzed these discretization eﬀects via massive dispersion relations. Furthermore we have shown
various possibility of improvement for the Brillouin fermion. At tree-level, we illustrate that
the Brillouin fermion can be improved to be O (a3) discretization eﬀect. Furthermore one can
employ the overlap procedure with Brillouin kernel for further improvement with the improved
overlap Dirac-operator. Also we have carried out non-perturbative scaling studies on the quenched
configurations. From scaling of speed-of-lights, we see that scaling of the improved action is
excellent, the speed-of-light is on the unity. From scaling of hyperfine splitting, good scaling of the
improved action is observed. Our results of decay constant is slightly diﬀerent results with the two
former results. However we think that this outcome is not so reliable and measurements of decay
constant should be more improved, since we did not use smeared source and not take into account
correlation between data. Also we saw that numerical cost of the improved action is currently only
about 10 times higher than the non-improved Wilson fermion, though our implementation of Dirac
application still can be accelerated. Finally we mentioned an application limit of the improved
action. The improved action seem not have the reflection positivity, but we may employ the action
practically. We note that one has to check carefully the unphysical doubler eﬀect.
In this study, our improvement is still tree-level, thus one-loop level or non-perturbative tuning
is necessary. However perturbative calculation for the Brillouin-type fermion is intensive, thus we
may employ the automatic numerical perturbative system [65]. This system automatically derive
Feynman rules and calculate observables e.g. the one-loop quark propagator, then lattice loop
integral is implemented numerically. Our perturbative computation is still on-going, but it would
be an interesting study. Furthermore JLQCD collaboration have generated Nf = 2+1 domain-wall
dynamical configurations and thus charm quark physics with the our improved action would be
expected on these configurations. However unfortunately we can not extend to B-quark region due
to the restriction of amq . Then we have to consider an other approach. From our scaling study, we
also observed that the domain-wall fermion shows good scaling, thus one may adopt the domain-
wall fermion for B-quark region. However we found that the domain-wall fermion also have the
restriction of amq. Residual mass of the domain-wall fermion suddenly increase over a threshold as
going large mass region. Then we may take large Ls of the domain-wall fermion. In this study, we
employed Ls = 8, however we may have to tune it so that the residual mass becomes constant up to
amq ∼1.0-1.5. Alternatively we may adopt the overlap fermion which has exact chiral symmetry.
In terms of the domain-wall fermion, the residual mass of the overlap fermion would be tiny even
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at large amq. Then it seems to be interesting that we employ the Brillouin-kernel overlap fermion,
since the Brillouin kernel may reduce numerical cost of the overlap procedure with keeping the
good properties of the Brillouin fermion. Combing with the ETM ratio method, precise calculation
of B-physics would become available.
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Figure 9.1: Eﬀective masses for the Wilson fermion on the L/a = 16 lattice.
111
ImpBri
 0.42
 0.44
 0.46
 0.48
 0.5
 0.52
 0.54
 0.56
 0.58
 0.6
 0.62
 0.64
 4  6  8  10  12  14  16t/a
mPS = 1.00 GeV
PS
Vector
 0.7
 0.72
 0.74
 0.76
 0.78
 0.8
 0.82
 0.84
 0.86
 4  6  8  10  12  14  16t/a
mPS = 1.50 GeV
PS
Vector
 0.99
 1
 1.01
 1.02
 1.03
 1.04
 1.05
 1.06
 1.07
 1.08
 1.09
 1.1
 4  6  8  10  12  14  16t/a
mPS = 2.00 GeV
PS
Vector
 1.26
 1.27
 1.28
 1.29
 1.3
 1.31
 1.32
 1.33
 1.34
 4  6  8  10  12  14  16t/a
mPS = 2.50 GeV
PS
Vector
 1.53
 1.54
 1.55
 1.56
 1.57
 1.58
 1.59
 1.6
 4  6  8  10  12  14  16t/a
mPS = 3.00 GeV
PS
Vector
 1.78
 1.79
 1.8
 1.81
 1.82
 1.83
 1.84
 4  6  8  10  12  14  16t/a
mPS = 3.50 GeV
PS
Vector
Figure 9.2: Eﬀective masses for the improved Brillouin fermion on the L/a = 16 lattice.
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Domain-wall
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Figure 9.3: Eﬀective masses for the domain-wall fermion on the L/a = 16 lattice.
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Wilson |p|2(L/2π)2=02
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Figure 9.4: Eﬀective masses for the Wilson fermion on the L/a = 16 lattice.
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Wilson |p|2(L/2π)2=03
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Figure 9.5: Eﬀective masses for the Wilson fermion on the L/a = 16 lattice.
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Figure 9.6: Eﬀective masses for the Wilson fermion on the L/a = 16 lattice.
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ImpBri |p|2(L/2π)2=02
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Figure 9.7: Eﬀective masses for the improved Brillouin fermion on the L/a = 16 lattice.
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Figure 9.8: Eﬀective masses for the improved Brillouin fermion on the L/a = 16 lattice.
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ImpBri |p|2(L/2π)2=04
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Figure 9.9: Eﬀective masses for the improved Brillouin fermion on the L/a = 16 lattice.
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Domain-wall |p|2(L/2π)2=02
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Figure 9.10: Eﬀective masses for the domain-wall fermion on the L/a = 16 lattice.
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Domain-wall |p|2(L/2π)2=03
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Figure 9.11: Eﬀective masses for the domain-wall fermion on the L/a = 16 lattice
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Figure 9.12: Eﬀective masses for the domain-wall fermion on the L/a = 16 lattice
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Figure 9.13: Eﬀective masses for the Wilson fermion on the L/a = 24 lattice.
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Figure 9.14: Eﬀective masses for the improved Brillouin fermion on the L/a = 24 lattice.
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Figure 9.15: Eﬀective masses for the domain-wall fermion on the L/a = 24 lattice.
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Figure 9.16: Eﬀective masses for the Wilson fermion on the L/a = 24 lattice.
127
Wilson |p|2(L/2π)2=03
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Figure 9.17: Eﬀective masses for the Wilson fermion on the L/a = 24 lattice.
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Wilson |p|2(L/2π)2=04
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Figure 9.18: Eﬀective masses for the Wilson fermion on the L/a = 24 lattice.
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ImpBri |p|2(L/2π)2=02
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Figure 9.19: Eﬀective masses for the improved Brillouin fermion on the L/a = 24 lattice.
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ImpBri |p|2(L/2π)2=03
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Figure 9.20: Eﬀective masses for the improved Brillouin fermion on the L/a = 24 lattice.
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ImpBri |p|2(L/2π)2=04
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Figure 9.21: Eﬀective masses for the improved Brillouin fermion on the L/a = 24 lattice.
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Domain-wall |p|2(L/2π)2=02
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Figure 9.22: Eﬀective masses for the domain-wall fermion on the L/a = 24 lattice.
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Domain-wall |p|2(L/2π)2=03
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Figure 9.23: Eﬀective masses for the domain-wall fermion on the L/a = 24 lattice.
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Domain-wall |p|2(L/2π)2=04
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Figure 9.24: Eﬀective masses for the domain-wall fermion on the L/a = 24 lattice.
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Wilson
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Figure 9.25: Eﬀective masses for the Wilson fermion on the L/a = 32 lattice.
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Figure 9.26: Eﬀective masses for the improved Brillouin fermion on the L/a = 32 lattice.
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Figure 9.27: Eﬀective masses for the domain-wall fermion on the L/a = 32 lattice.
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Wilson |p|2(L/2π)2=02
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Figure 9.28: Eﬀective masses for the Wilson fermion on the L/a = 32 lattice.
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Wilson |p|2(L/2π)2=03
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Figure 9.29: Eﬀective masses for the Wilson fermion on the L/a = 32 lattice.
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Wilson |p|2(L/2π)2=04
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Figure 9.30: Eﬀective masses for the Wilson fermion on the L/a = 32 lattice.
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ImpBri |p|2(L/2π)2=02
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Figure 9.31: Eﬀective masses for the improved Brillouin fermion on the L/a = 32 lattice.
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ImpBri |p|2(L/2π)2=03
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Figure 9.32: Eﬀective masses for the improved Brillouin fermion on the L/a = 32 lattice.
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ImpBri |p|2(L/2π)2=04
 0
 0.5
 1
 1.5
 2
 10  15  20  25  30
t
MPS=1.00GeV 
 0.25
 0.3
 0.35
 0.4
 0.45
 0.5
 0.55
 0.6
 0.65
 0.7
 10  15  20  25  30
t
MPS=1.50GeV 
 0.59
 0.595
 0.6
 0.605
 0.61
 0.615
 0.62
 0.625
 0.63
 0.635
 10  15  20  25  30
t
MPS=2.00GeV 
 0.72
 0.725
 0.73
 0.735
 0.74
 0.745
 0.75
 0.755
 10  15  20  25  30
t
MPS=2.50GeV 
 0.845
 0.85
 0.855
 0.86
 0.865
 0.87
 0.875
 0.88
 10  15  20  25  30
t
MPS=3.00GeV 
 0.975
 0.98
 0.985
 0.99
 0.995
 1
 10  15  20  25  30
t
MPS=3.50GeV
Figure 9.33: Eﬀective masses for the improved Brillouin fermion on the L/a = 32 lattice.
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Domain-wall |p|2(L/2π)2=02
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Figure 9.34: Eﬀective masses for the domain-wall fermion on the L/a = 32 lattice.
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Domain-wall |p|2(L/2π)2=03
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Figure 9.35: Eﬀective masses for the domain-wall fermion on the L/a = 32 lattice.
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Domain-wall |p|2(L/2π)2=04
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Figure 9.36: Eﬀective masses for the domain-wall fermion on the L/a = 32 lattice.
148 CHAPTER 9. SUMMARY AND PROSPECTS
149
 Wilson, L/a=16
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Figure 9.37: Eﬀective masses for the Wilson fermion on the L/a = 16 lattice.
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 ImpBri, L/a=16
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Figure 9.38: Eﬀective masses for the improved Brillouin fermion on the L/a = 16 lattice.
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 KEK Dwf, L/a=16
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Figure 9.39: Eﬀective masses for the domain-wall fermion on the L/a = 16 lattice.
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 Wilson, L/a=24
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Figure 9.40: Eﬀective masses for the Wilson fermion on the L/a = 24 lattice.
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 ImpBri, L/a=24
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Figure 9.41: Eﬀective masses for the improved Brillouin fermion on the L/a = 24 lattice.
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 Domain-wall, L/a=24
 0.255
 0.26
 0.265
 0.27
 0.275
 0.28
 0.285
 0.29
 0.295
 0.3
 10  12  14  16  18  20  22
m
ef
f
t/a
mPS=1.00 GeV
AAAPPP
 0.49
 0.495
 0.5
 0.505
 0.51
 0.515
 0.52
 0.525
 0.53
 0.535
 0.54
 10  12  14  16  18  20  22
m
ef
f
t/a
mPS=1.50 GeV
AAAPPP
 0.69
 0.695
 0.7
 0.705
 0.71
 0.715
 0.72
 0.725
 0.73
 0.735
 0.74
 10  12  14  16  18  20  22
m
ef
f
t/a
mPS=2.00 GeV
AAAPPP
 0.875
 0.88
 0.885
 0.89
 0.895
 0.9
 0.905
 0.91
 0.915
 0.92
 0.925
 0.93
 10  12  14  16  18  20  22
m
ef
f
t/a
mPS=2.50 GeV
AAAPPP
 1.06
 1.07
 1.08
 1.09
 1.1
 1.11
 1.12
 1.13
 10  12  14  16  18  20  22
m
ef
f
t/a
mPS=3.00 GeV
AAAPPP
 1.24
 1.25
 1.26
 1.27
 1.28
 1.29
 1.3
 1.31
 1.32
 10  12  14  16  18  20  22
m
ef
f
t/a
mPS=3.50 GeV
AAAPPP
Figure 9.42: Eﬀective masses for the domain-wall fermion on the L/a = 24 lattice.
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 Wilson, L/a=32
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Figure 9.43: Eﬀective masses for the Wilson fermion on the L/a = 32 lattice.
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 ImpBri, L/a=32
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Figure 9.44: Eﬀective masses for the improved Brillouin fermion on the L/a = 32 lattice.
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 Domain-wall, L/a=32
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Figure 9.45: Eﬀective masses for the domain-wall fermion on the L/a = 32 lattice.
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Appendix A
κ of the Brillouin-type operator
The Brillouin operator is defined by
D =
∑
µ
γµ∇isoµ −
r
2
∆bri +m. (A.1)
Then we divide △bri to a non-hopping term and any other hopping terms.
△bri = △0−hop +△hop, (A.2)
where △hop denotes hopping terms and
△0hop = −15/4. (A.3)
we do not refer the detailed expression of the △hop, because now we are not interested in the
specific form of hopping terms. Then the fermion action is
SF =
∑
n,m
ψ¯n
(∑
µ
γµ∇isoµ −
r
2
(
△hop − 15
4
))
ψm +
∑
n
mψ¯nψn
=
∑
n,m
ψ¯n
(∑
µ
γµ∇isoµ −
r
2
△hop
)
ψm +
∑
n
(
m+
15
8
r
)
ψ¯nψn. (A.4)
Thus we define the kappa in the case of the Brillouin operator as follows
κbri =
1
m+ 158 r
(A.5)
Then Eq.(A.4) becomes as follows
SF = κ
bri
∑
n,m
ψ¯n
(∑
µ
γµ∇isoµ −
r
2
△hop
)
ψ′m +
∑
n
ψ¯nψ
′
n (A.6)
ψ′n =
1
κbri
ψn (A.7)
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Next we will consider a 0-hop term of improved Brillouin operator. The improved Brillouin operator
is defined as follows
Dimp =
∑
µ
γµ(1− 1
12
△bri)∇isoµ (1−
1
12
△bri) + cimp
(△bri)2 +m. (A.8)
If one needs 0-hopping contribution of the improved Brillouin operator, we have to perform some
calculations.
△imp = −1
4
(△bri)2
= −1
4
(△0−hop +△hop)2
= −1
4
(△20−hop +△2hop + 2△hop△0−hop)
= −1
4
(△′hop +△′0−hop)
△′0hop = △20hop =
225
16
Thus the fermion action is given by
SF =
∑
n,m
∑
µ
ψ¯n
[
γµ∇impµ −
r
2
{
−1
4
(△′hop)}]ψm + (m+ 225128r
)∑
n
ψ¯nψn, (A.9)
and the kappa of the improved Brillouin operator is defined by
κimp =
1
m+ 225128r
. (A.10)
Then Eq. (A.9) becomes as follows
SF = κ
imp
∑
n,m
∑
µ
ψ¯n
[
γµ∇impµ +
r
8
△′hop
]
ψ′m +
∑
n
ψ¯nψ
′
n (A.11)
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